(N 
O 
O 
(N 

> 
O 

\o 
<. 



(N 

> 

o 
o 

(N 

o 



X 



LECTURES ON WAKIMOTO MODULES, OPERS AND THE 
CENTER AT THE CRITICAL LEVEL 

EDWARD FRENKEL 



Contents 



Introduction 



1. 


Finite-dimensional case 






2. 


The case of affine algebras 






3. 


Comparison of cohomology classes 


4. 


Wakimoto modules of critical level 


5. 


Deforming to other levels 






6. 


Semi-infinite parabolic induction 




7. 


Wakimoto modules over 5l 


2 




8. 


Intertwining operators for 


an arbitrary g 


9. 


Description of the center of Vk^ {q) 



10. Opers and Miura opers 



11. Identification with the W-algebra and the center 



12. The center of the completed universal enveloping algebra of g^. 



References 



1 
4 
8 

19 
25 
33 
40 
46 
51 
57 
66 
71 
78 
84 



Introduction 

Wakimoto modules are representations of affine Kac-Moody algebras in Fock mod- 
ules over infinite-dimensional Heisenberg algebras. They were introduced in 1986 by M. 
Wakimoto [W| in the case of 5(2 and in 1988 by B. Feigin and the author | FF1| in the 
general case. Wakimoto modules have useful applications in representation theory and 
conformal field theory. In particular, they have been used to construct chiral correlation 
functions of the WZW models [|ATY , FFR| (reproducing the Schechtman-Varchenko 
solutions of the KZ equations) , in the study of the Drinfeld-Sokolov reduction and W- 
algebras, and in the description of the center of the completed enveloping algebra of an 
affine Lie algebra [ FF6| , |F1| . The Wakimoto modules also provide a bridge between rep- 
resentation theory of affine algebras and the geometry of the semi-infinite flag manifold 
| FFl . 

In these lectures we present the construction of the Wakimoto modules from the point 



of view of the vertex algebra theory (see |K2, FB| for an introduction to vertex algebras). 
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In the original construction of [FF1]-[FF4] the connection with vertex algebras was 
not explicitly discussed. In these notes we make this connection explicit. Let g be 
a simple Lie algebra and g the corresponding (untwisted) affine Kac-Moody algebra. 
One can associate to g and an invariant inner product k on g (equivalently, a level) a 
vertex algebra, denoted by ^^(g). The construction of Wakimoto modules amounts to 

associated to 



)vrn 



constructing a homomorphism from ^^(g) to a vertex algebra Mg( 
an infinite-dimensional Heisenberg Lie algebra. In the case of g = 5I2 the construction 

where the reader is referred for additional 

We 



is spelled out in detail in \ pq ], Ch. 10-11, 

motivation and background. Here we generalize it to the case of an arbitrary g. 



follow the original approach of [FF4] and prove the existence of the homomorphism 
Vk{9) — ^ Mg ttq'^" by cohomological methods. We describe the cohomology class 
responsible for the obstruction and show that it is equal to the class defining the affine 
Kac-Moody algebra. We note that explicit formulas for the Wakimoto realization have 
been given m Wf1\ ] for g = stn and in jdBFll for general g. Another proof of the 
existence of this realization has been presented in [ FF8[| . The construction has been 
extended to twisted affine algebras in 

The Wakimoto modules may be viewed as representations of g which are "semi- 
infinitely induced" from representations of its Heisenberg subalgebra \r) (extended by 
zero to b_). In contrast with the usual induction, however, the level of the f)-module 
gets shifted by the so-called critical value Kc- In particular, if we start with an [)- 
module of level zero (e.g., a one-dimensional module corresponding to a character of the 
abelian Lie algebra Li)), then the resulting g-module will be at the critical level. Using 
these modules, we prove the Kac-Kazhdan conjecture on the characters of irreducible 
g-modules of critical level (this proof appeared first in pi|). 

We then extend the construction of the Wakimoto modules to a more general context 
in which the Lie subalgebra f) is replaced by a central extension of the loop algebra 
of the Levi subalgebra of an arbitrary parabolic Lie subalgebra of g following the 
ideas of [ FF4 |. Thus, we establish a "semi- infinite parabolic induction" pattern for 
representations of affine Kac-Moody algebras, similar to the parabolic induction for 
reductive groups over local non-archimedian fields. 

Next, we give a uniform construction of intertwining operators between Wakimoto 
modules, the so-called screening operators (of two kinds) following |FF|, ^F|, 0, ^F^. 

Using the screening operators, we describe the center of the vertex algebra ^^^(g) at 
the critical level. We show that it is canonically isomorphic to the classical W-algebra 
associated to the Langlands dual Lie algebra ^g. The proof presented in these lectures 
is different from the original proof from |FF6, Fl] in two respects. First of all, we 
use here the screening operators of the second kind rather than the first kind; their 
K ^ Kc limits are easier to study. Second, we use the isomorphism between the Verma 
module of critical level with highest weight and a certain Wakimoto module and the 
computation of the associated graded of the spaces of singular vectors to estimate the 
character of the center. 

Finally, we show that the above classical W-algebra is isomorphic to the algebra of 
functions on the space of ^G-opers on the formal disc. The notion of ^G-oper (on an 
arbitrary smooth curve) was introduced by A. Beihnson and V. Drinfeld iBDl| , [lBD2|| 
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following the work of V. Drinfeld and V. Sokolov [DS] on the generalized KdV hi- 
erarchies. The algebra Fun OpLc'(]D)^ ) of funtions on the space of ^G-opers on the 
punctured disc carries a canonical Poisson structure defined in |pS| ] by means of hamil- 
tonian reduction. At the same time, the algebra Fun Opi,(j(D) of functions on the space 
of ^G-opers on the (unpunctured) disc carries a vertex Poisson structure. We show that 
the above isomorphism between the center of V^c(s) (with its canonical vertex Poisson 
structure coming from the deformation of the level) and FunOpL(;j(B) preserves vertex 
Poisson structures. Using this isomorphism, we show that the center of the completed 
enveloping algebra of g at the critical level is isomorphic to FunOpig'(B^) as a Poisson 
algebra. This isomorphism was conjectured by V. Drinfeld. 

These lectures are organized as follows. We begin in Sect. 1 with the geometric 
construction of representations of a simple finite-dimensional Lie algebra g using an 
embedding of q into a Weyl algebra which is obtained from the infinitesimal action of g 
on the flag manifold. This will serve as a prototype for the construction of Wakimoto 
modules presented in the subsequent sections. In Sect. 2 we introduce the main in- 
gredients needed for the constructions of Wakimoto modules: the infinite-dimensional 
Weyl algebra A^, the corresponding vertex algebra Mg and the infinitesimal action of 
the loop algebra Lg on the space LU of formal loops to the big cell of the fiag manifold 
of g. We also introduce the local Lie algebra ^ of differential operators on this 
space of order less than or equal to one. We show that it is a non-trivial extension of 
the Lie algebra of local vector fields on LU by local functionals on LU and compute the 
corresponding two-cocycle (most of this material has already been presented in |FB], 
Ch. 11). In Sect. 3 we prove that the embedding of the loop algebra Lg into the 
Lie algebra of local vector fields on LU may be lifted to an embedding of the central 
extension g to ^. In order to do that we need to show that the restriction of the 
above two-cocycle to Lg is cohomologically equivalent to the two-cocycle correspond- 
ing to its Kac- Moody central extension (of level Kc). This is achieved by replacing the 
standard cohomological Chevalley complex by a much smaller local sub complex (where 
both cocycles belong) and computing the cohomology of the latter. 

Having proved the existence of a homomorphism g^^, gi we derive in Sect. 4 

the existence of a vertex algebra homomorphism ^^^(g) Afg ^ ttq, where ttq is the 
commutative vertex algebra associated to Lf). Using this homomorphism, we construct 
a g-module structure of critical level on the tensor product Mg (8> A^, where N is an 
arbitrary (smooth) Lf}-module. These are the Wakimoto modules of critical level. We 
show that for a generic one-dimensional module the corresponding Wakimoto module 
is irreducible. This enables us to prove the Kac-Kazhdan conjecture on the characters 
of irreducible representations of critical level. 

In Sect. 5 we deform the above construction of Wakimoto modules to other levels. 
Thus, we construct a homomorphism of vertex algebras : V^(g) — > Mg ® tTq"'^", 
where ttq''^" is the vertex algebra associated to the Heinseberg Lie algebra 1)k-kc- 
We describe the (quasi)conformal structure on Mg (g) ttq''^" corresponding to the Segal- 
Sugawara (quasi)conformal structure on Vk{q). We then use these structures to describe 
the Wakimoto modules in a coordinate-independent fashion. 
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In Sect. 6 we generalize the construction to the case of an arbitrary parabohc sub- 
algebra p of 5. We define the functors of "semi- infinite parabolic induction" from the 
category of smooth representations of a central extension of Lm, where m is the Levi 
subalgebra of p, to the category of g~modules. 

Sect. 7 is devoted to a detailed study of the Wakimoto modules over 5I2. We write 
down explicit formulas for the homomorphism Vk(5[2) — > M^i^ tTq~^'' and use these 
formulas to construct intertwining operators between the Wakimoto modules. They are 
called screening operators, of the first and second kind. We use these operators and the 
functor of parabolic induction to construct intertwining operators between Wakimoto 
modules over an arbitrary affine Kac- Moody algebra in Sect. 8. 

In Sect. 9 we identify the center of the vertex algebra V^^Cfl) with the intersection of 
the kernels of certain operators, which we identify in turn with the classical W-algebra 
associated to the Langlands dual Lie algebra ^q. We also show that the corresponding 
vertex Poisson algebra structures coincide. In Sect. 10 we define opers and Miura 
opers. We then show in Sect. 11 that this classical W-algebra (resp., the commutative 
vertex algebra ttq) is nothing but the algebra of functions on the space of ^G-opers 
on the disc (resp., Miura ^G-opers on the disc). Furthermore, the embedding of the 
classical W-algebra into ttq coincides with the Miura map between the two algebras 
of functions. Finally, in Sect. 12 we consider the center of the completed universal 
enveloping algebra of 5 at the critical level. We identify it with the algebra of functions 
on the space of ^G-opers on the punctured disc. We then prove that this identification 
satisfies various compatibilities. In particular, we show that an affine analogue of 
the Harish-Chandra homomorphism obtained by evaluating central elements on the 
Wakimoto modules is nothing but the Miura transformation from Miura ^G-opers to 
^G-opers on the punctured disc. 

Acknowledgments. Most of the results presented in this paper are results of joint 
works with B. Feigin. I am grateful to him for his collaboration. I thank D. Gaitsgory 
for valuable discussions, in particular, for his suggestion to use the associated graded 



of the spaces of singular vectors in the proof of Theorem 9.6. 

I thank M. Szczesny for letting me use his notes of my lectures in preparation of 
Sections 1-4. I am grateful to D. Kazhdan for his valuable comments on the draft of 
this paper. 

1. Finite-dimensional case 

In this section we recall the realization of 0-modules in the space of functions on the 
big cell of the flag manifold. This will serve as a blueprint for the construction of the 
Wakimoto modules over affine algebras in the following sections. 

1.1. Flag manifold. Let g be a simple Lie algebra of rank £. As a vector space, it has 
a Cartan decomposition 

(1.1) S = n+e[)en_, 

where f} is the Cartan subalgebra and n± are the upper and lower nilpotent subalgebras. 
Let 

b± = [) © n± 
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be the upper and lower Borel subalgebras. Let hi = be the ith coroot of g. The set 
{hi}i=i,,,^e is a basis of f). We choose generators ei,i = !,...,£, and fi,i = 1, . . . ,£, of 
n+ and n_, respectively, corresponding to the simple roots. We also choose a root basis 
of n+, {e"}aeA+, where A+ is the set of positive roots of g, so that [/i, e"] = a(/i)e" 
for all h G f). In particular, = e^j , i = 1, . . . , ^. 

Let G be the connected simply-connected Lie group corresponding to g, and N± 
(respectively, B±) the upper and lower unipotcnt subgroups (respectively, Borel sub- 
groups) of G corresponding to n± (respectively, b±). 

Consider the flag manifold G/B^. It has a unique open iV_|_ -orbit, the so-called big 
cell U = ■ [1] C G/B^, which is isomorphic to A^-|_. Since A'^-i- is a unipotent Lie 
group, the exponential map ri-i- is an isomorphism. Therefore A'^.i- is isomorphic 

to the vector space n+. Thus, is isomorphic to the affine space AI'^+I, and the space 
C[A'^_i_] of regular ftinctions on A^_|_ is isomorphic to a free polynomial algebra. We will 
call a system of coordinates {ya}aeA+ on A^_|- homogeneous if h ■ ya = —a{h)ya for all 
h € i). In what follows we will consider only homogeneous coordinate systems on A^_|_. 

Remark 1.1. Note that in order to define U it is sufficient to choose only a Borel 
subgroup B^ of G. Then A^_|_ = [B^,B^] and U is the open A^_|_ -orbit in the flag 
manifold defined as the variety of all Borel subgroups of G (so U is an A?^_|_-torsor). All 
constructions in this paper make sense with the choice of 5+ only, i.e., without making 
the choice of H and However, to simplify the exposition we will fix a Cartan 

subgroup H C -B+ as well. □ 

The action of G on G/B- gives us a map from g to the Lie algebra of vector fields 
on G/B-, and hence on its open subset U 2± A^_|_. Thus, we obtain a Lie algebra 
homomorphism g Vect . 

This homomorphism may be described explicitly as follows. Let G° denote the dense 
open submanifold of G consisting of elements of the form g^g-,g^ G A^_|_,y_ G -B_ 
(note that such an expression is necessarily unique since B^DN^ = !)• In other words, 
G° =p-'^{N+), where p is the projection G G/B^. Given a G g, consider the one- 
parameter subgroup 7(e) = exp(€a) in G. Since G° is open and dense in G, j{e)x G G° 
for e in the formal neighborhood of 0, so we can write 



The factor Z^{e) just expresses the projection of the subgroup 7(e) onto ~ [/ C 
G/B- under the map p. Then the vector field (equivalently, a derivation of C[iV+]) 
corresponding to a is given by the formula 



To write a formula for in more concrete terms, we choose a faithful representation 
y of g (say, the adjoint representation). Since we only need the e-lincar term in our 
calculation, we can and will assume that = 0. Considering x G as a matrix 
whose entries are polynomials in the coordinates ya,a & A_|_, which expresses a generic 
element of in End V, we have 



7(€) = Z+(e)Z_(e) 



Z+(e)G7V+, Z_(e)G5_. 



(1.2) 




(1.3) 



(1 -|- ea)x = Z^{e)Z^{e). 
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We find from this formula that ^+(e) = x + (-Z^\ where Z^_^^ E n+, and -Z'_(e) 



1 + eZ_ , where Z_ G b_. Therefore we obtain from formulas (|1.2| ) and (O) that 
(1.4) ia-x = x{x~^ax)+, 

where z+ denotes the projection of an element z € g onto n+ along b_. 

1.2. The algebra of differential operators. The algebra T){U) of differential oper- 
ators on U is isomorphic to the Weyl algebra with generators {ya-,d / dya\a&A+-, and 
the standard relations 



d 

y/3 



dy, 



d d 



[ya,y(3] = 0. 



_dya dyf3_ 

The algebra T>{U) has a natural filtration {'D<j(C/)} by the order of the differential 
operator. In particular, we have an exact sequence 

(1.5) 0^FunC/^a3<i(C/) ^Vectf/^0, 

where Fun U ~ Fun Nj^ denotes the ring of regular functions on [/, and Vect U denotes 
the Lie algebra of vector fields on U . This sequence has a canonical splitting: namely, 
we lift ^ G Vect U to the unique first order differential operator whose symbol equals 
^ and which kills the constant functions, i.e., such that -1 = 0. Using this splitting, 
we obtain an embedding g D<i(A^+), and hence the structure of a g-module on the 
space of functions FuniV+ = 'C[ya\a&A+- 

1.3. Verma modules and contragredient Verma modules. By construction, the 
action of n+ on FunA^+ satisfies ■ yp = 5a, Therefore, for any A € FunA^+ there 
exists P € U{n+) such that P ■ A = 1. Consider the pairing ?7(n+) x FunA^+ C 
which maps (P, A) to the value of the function P-A at the identity element of A^4. . This 
pairing is n+ -invariant. The Poincare-Birkhoff-Witt basis {e°^^^ . . . e"'^^^} (with respect 
to some ordering on A+) of U{n+) and the monomial basis {ya{i) ■ ■ ■ y«(fc)} of Fun 
are dual to each other with respect to this pairing. Moreover, both f/(n+) and FunA^+ 
are graded by the root lattice of q (under the action of the Cartan subalgebra f)), and this 
pairing identifies each graded component of Fun with the dual of the corresponding 
graded component of [7(n+). Therefore the n+-module FunA^+ is isomorphic to the 
restricted dual C/(n+)^ of U{n+) (i.e., FunA^+ is the direct sum of the dual spaces to 
the homogeneous components of U{n+)). 

Recall the definition of the Verma module and the contragredient Verma modules. 
For each x ^ I)*) consider the one-dimensional representation of b± on which f) acts 
according to X; and n± acts by 0. The Verma module with highest weight x S f)* 
is the induced module 

The Cartan decomposition ( |1.1[ ) gives us the isomorphisms 

U{q) ~ C/(n_) U{b+), U{q) ~ U{n+) [/(b_). 
Therefore, as an n_-module, ~ C/(n_). 
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The contragredient Verma module M* with highest weight x £ t)* is defined as the 
coinduced module 

M* = Hom-^(,_)(C/(0),C^). 

Here U{q) is considered as a ?7(b_)-module with respect to the right action, and we 
consider only those homomorphisms — > which belong to [/(b_)* ® [/(n+)^ C 
U{q)*. Thus, as an n+-module, M* ~ U{n+y. 



1.4. Identification of FunA^+ witli M*. The module Mq is isomorphic to FunA^4. 
with its g-module structure defined above. Indeed, the vector 1 G Fun iV+ is annihilated 
by n+ and has weight with respect to h. Hence there is a non-zero homomorphism 
FunA^_l_ — >■ Mq sending 1 G FunA^+ to a non-zero vector Vq G M* of weight 0. Since 
both FunA^+ and M* are isomorphic to C/(n+)'^ as n+-modules, this homomorphism 
is an isomorphism. 

Now we identify the module M* with an arbitrary weight x with Fun A^_|_ , where the 
latter is equipped with a modified action of g. 

Recall that we have a canonical lifting of q to I'<i(A^+), a ^a- But this lifting is 
not unique. We can modify it by adding to each a function (pa S FunA^+ so that 
4>a+b = (pa + <Pb- One readily checks that the modified differential operators + (pa 
satisfy the commutation relations of q if and only if the linear map q Fun A^_|_ given 
hy a (pa IS a one-cocycle of q with coefficients in Fun A^_|_ . 

Each such lifting gives Fun A^_|_ the structure of a fl-module. Let us impose the extra 
condition that the modified action of f) on y remains diagonalizable. This means that 
(ph is a constant function on A^_|_ for each h £ i), and therefore our one-cocycle should 
be [)-invariant: (p[h,a] = ■ (pa-, for all /i G f),a G g. It is easy to see that the space 
of f)-invariant one-cocycles of g with coefficients in Fun A^_|_ is canonically isomorphic 
to the first cohomology of g with coefficients in Fun A^+, i.e., i^^(g. Fun A^+) (see |FB], 
§ 10.2.6). By Shapiro's lemma (see § 5.4) 



H\Q,¥nnN^) = H\q,M^) ~ H\b-, Co) = (b_/[b_, b_])* ~ f)*- 

Thus, for each x ^ f)* we obtain an embedding p-^ : q ^ D<i(A^+) and hence the 
structure of an f)*~graded g-module on Fun A^+. Let us analyze this g-module in more 
detail. 

We have S,h ■ Ua = — a(^)ya,« ^ so the weight of any monomial in FunA^_|_ 
is equal to a sum of negative roots. Since our one-cocycle is f)-invariant, we obtain 

■ 4'e°' = <^[/i,e«] = Oi{h)(p(,a^ a G A_|_, so the weight of (pe<^ has to be equal to the 
positive root a. Therefore (pe'^ = for all a G A^-. Thus, the action of n+ on FunA^-|_ 
is not modified. On the other hand, by construction, the action of /i G f) is modified by 
h ^ h+x{h)- Therefore the vector 1 G Fun A^_|_ is still annihilated by n+, but now it has 
weight X with respect to h. Hence there is a non-zero homomorphism Fun Nj^ M* 
sending 1 G Fun to a non-zero vector f* G M* of weight x- Since both Fun A^-|_ and 
M* are isomorphic to [/(n+)^ as n+-modules, this homomorphism is an isomorphism. 
Thus, under the modified action obtained via the lifting p^, the g-module FunA^-4_ is 
isomorphic to the contragredient Verma module M*. 
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1.5. Explicit formulas. Choose a basis {J'^}a=i,...,dims of 0- Under the homomor- 
phism py., we have 

(1-6) r^Pa(ya,l^]+fa{ya), 



dye 

where Pa is a polynomial in the HaS and d/dyaS of degree one in the d/dyaS, which 
is independent of x? fa is a polynomial in the y^s only which depends on x- 

Let ei,hi,fi,i = !...,£, be the generators of g. Using formula (|1.4[ ) we find the 
following explicit formulas: 

(1.7) 

(1.8) Pxihi) = - Yl Pih^)yp-^ + x{hi), 

(1-9) Pxih) = E QUy-)4r + x{h^)ya,, 

/3GA+ 

for some polynomials P^, in y^, a G A4.. 

In addition, we have a Lie algebra anti-homomorphism : n+ ^ D<i(A^-(_) which 
corresponds to the right action of n-|_ on A^-|_. The differential operators p^{x),x € n+, 
commute with the differential operators p^{x'),x' G n+ (though their commutation 
relations with p^{x'),x' ^ n+, are complicated in general). We have 

9y„,: ^ dyp 

for some polynomials P^'^iQ^p in G A+. 

2. The case of affine algebras 

2.1. The infinite-dimensional Weyl algebra. Our goal is to generalize the above 
construction to the case of affine Kac-Moody algebras. Let again U be the open A^+- 
orbit of the flag manifold of G, which we identify with the group and hence with the 
Lie algebra n^.. Consider the formal loop space LU = U{{t)) as a complete topological 
vector space with the basis of open neighborhoods of zero formed by the subspaces 
U ® t^C[[t\] C LU,N e Z. Thus, LU is an affine ind-scheme 

LU = lunU ®t^C[[t]], N<0. 
Using the coordinates ya,ct G A-|-, on U, we can write 

U0t^C[[t]] ~ { 



E 

n>N 



ya,nt"' } = SpecC[ya,n]n>N- 

«GA+ 

Therefore we obtain that the ring of functions on LU, denoted by FunLf/, is the 
inverse limit of the rings C[ya,n\aeA+,n>N , N < 0, with respect to the natural surjective 
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homomorphisms 

SN,M ■ 'C-[ya,n]a£/\+,n>N — ^ 'C[ya,n]aeA+,n>M , N < M, 

such that ya,n '-^ for N < n < M and ya,n '-^ 1/0,71,^ ^ This is a complete 
topological ring, with the basis of open neighborhoods of given by the ideals generated 
by ?/a,n) ^ < ^ 1 the kernels of the homomorphisms Soo,Af • FuuLU > FutlU 
t^C[[t]]. 

A vector field on LU is by definition a continuous linear endomorphism ^ of Fun LU 
which satisfies the Leibniz rule: i{fg) = i{f)g + fi{g)- In other words, a vector field is 
a linear endomorphism ^ of Fun LU such that for any M < there exist N < M and 
a derivation 

^N,M '■ C[ya,n]aeA+,n>N C[ya,n\aeA+,n>M 

which satisfies 

Soo,m(C ■ /) = Cn,M ■ Soo,N{f) 

for all / G Fun LU. The space of vector fields is naturally a topological Lie algebra, 
which we denote by Vect LU. 

Remark 2.1. More concretely, an element of Fun LC/ may be represented as a (possibly 
infinite) series 

a,n ) 

n<0 

where Pq G C[ya,n]a<=A+,n>o, and the P„'s are arbitrary (finite) polynomials in ya,m,m G 
Z. ' ' 

The Lie algebra Vect LU may also be described as follows. Identify the tangent space 
TqLU to the origin in LU with LU, equipped with the structure of a complete topo- 
logical vector space. Then Vect LU is isomorphic to the completed tensor product of 
Fun LU and LU. This means that vector fields on LU can be described more concretely 
as series 

Tp^ 

where Pn G FunLU satisfies the following property: for each M > 0, there exists N < 
M such that each P„, n < N, lies in the ideal generated by the ya,m, « £ A+, m < M. 
The commutator between two such series is computed in the standard way (term by 
term), and it is again a series of the above form. □ 

2.2. Action of Lq on LU. We have a natural Lie algebra homomorphism 

p : Lg Vect LU, 

which may be described explicitly by the formulas that we obtained in the finite- 
dimensional case, in which we replace the ordinary variables ya with the "loop variables" 
ya,n- More precisely, we have the following analogue of formula (1.3), 

{l + eA®t"')x{t) = Z+(e)Z_(e) 

where x G N+{{t)), Z+{e) = x{t) + eZ^^\ G n+((t)), and Z_(e) = 1 + eZ^^ , 

Z^y G b_((t)). As before, we choose a faithful finite-dimensional representation V of q 
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and consider x{t) as a matrix whose entries are Laurent power series in t with coefficients 
in the ring of polynomials in the coordinates ya,n, ol G A+, n S Z, expressing a generic 
element of A^+((t)) in Endy((t)). We define /O by the formula 

Then we have the following analogue of formula ( |1.4D , 

(2.1) p(a ® t™) • x(i) = x(t) (x(t)-^(a ® t™)x(t))^ , 

where z+ denotes the projection of an element z G 0((t)) onto n+((t)) along b_((t)). 
This formula implies that for any a G 5 the series 



-n— 1 

may be obtained from the formula for po(c^) = by the substitution 

Va ^ ^ ^ Da.nZ , 

2.3. The Weyl algebra. Let A'^ be the Weyl algebra with generators 

d 

aa,n = -K , a*a,n = Ua-n, « G A+, n € Z, 

and relations 

(2.2) ['^a,n) Q-/?,™] ~ ^a,f3^n,-rm [0-0,11, (3, m] = [^a,n ' '^/3,m] ~ 0- 

Introduce the generating functions 

(2.3) aa{z) = J^, 



0'a,nZ ) 



(2.4) a:(z) = J^a^^z-". 

Consider a topology on in which the basis of open neighborhoods of is formed 
by the left ideals In,MiN,M G Z, generated by aa,niOt G A_|_,n > and a*^^^a G 

A+,m > M. The completed Weyl algebra A^ is by definition the completion of ^1^ 
with respect to this topology. The algebra A^ should be thought of as the algebra of 



differential operators on LU (see [FB], Ch. 11, for more details). 

In concrete terms, elements of ^1^ may be viewed as arbitrary series of the form 

(2.5) Y.P^''^+Y.Q^<+^^ Pn,Qm,R€A^. 

n>0 m>0 

Let Aq be the (commutative) subalgebra of A^ generated by a* „,a G A_|_,n G Z, 
and Aq its completion in A. Next, let A^^ be the subspace of ^l^ spanned by the 
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products of elements of ^Iq and the generators aa,n- Denote by its completion in 
A^. Thus, A^-^ consists of all elements P of A^ with the property that 

P mod In,m G A<i mod In,au ViV, M e Z. 

Here is a more concrete description of Aq and A^^ using the realization of ^l^ by 

the series of the form ( ^.51) . The space ^Iq consists of series of the form ( |2.5D , where 
all Pn = 0, and Qm,R G Aq. In other words, these are the series which do not contain 
a„,n G Z. The space A^^ consists of elements of the form (^), where P„ G A^, and 



Qm,R G '^<i- The following assertion is proved in Proposition 11.1.6 of [FB|. 

Proposition 2.2. 

(1) A^^ is a Lie algebra, and Aq is its ideal. 

(2) A§ -FunLC/. 

(3) yi<]^/yiQ ~ Yect LU as Lie algebras. 



According to Proposition 2.2, A^^ is an extension of the Lie algebra VectL?7 by its 



module Aq, 



(2.6) ^ Fun LU A^^^ Vect LU 0. 

This extension is however different from the standard (split) extension defining the 
Lie algebra of the usual differential operators on LU of order less than or equal to 1. 



In particular, our extension ( |2.6| ) is non-split (see Lemma 11.1.9 of |FB]). Therefore 
we cannot expect to lift the homomorphism p : Lq ^ Vect LU to a homomorphism 
Lq — > as in the finite-dimensional case. Nevertheless, we will show that the 

homomorphism ^may be lifted to a homomorphism ^<i: where is the universal 
one-dimensional central extension of Lq defined as follows. 

Fix an invariant inner product k on g and let denote the central extension of 
Lq = C{{t)) with the commutation relations 

(2.7) [A ® f{t),B g{t)] = [A, B] f{t)g{t) - {k{A, B) Res fdg)K, 

where K is the central element. The Lie algebra g^ is the affine Kac-Moody algebra 
associated to k. 

We will begin by showing that the image of the embedding Lq Vect LU belongs 
to a Lie subalgebra of "local" vector fields C Vect LU . This observation will allow 
us to replace the extension (|2.6D by its "local" part. 



2.4. Heisenberg vertex algebra. Let Afg be the Fock representation of A^ generated 
by a vector [0) such that 

aa,n|0)=0, n>0; a*^„|0) = 0, n > 0. 

It is clear that the action of A^ on Mg extends to a continuous action of the topological 
algebra A^ (here we equip Mg with the discrete topology). Moreover, Mg carries a 



vertex algebra structure defined as follows (see Definition 1.3.1 of [FE] for the definition 
of vertex algebra). 
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• Gradation: degaa,n = dego* „ = — n, deg |0) = 0; 

• Vacuum vector: |0); 

• Translation operator: T|0) = 0, [T, aa,n] = —naa^n-i, [T, a%^n] = n-i- 

• Vertex operators: 

Y{aa-i\0),z) = aa{z), Y{al^Q\0),z) = al{z), 

^ 1 ' 1 



(see Lemma 10.3.8 of pB[). 

Set 

i7(Mg) =f (Mg (g) C((t)))/Im(r® 1 + urn)- 
We have a linear map U{Mg) — > ^l^ sending A /(t) to Resy(^, z)f{z)dz. According 



to |FB], § 3.5, this is a Lie algebra, which may be viewed as the completion of the span 
of all Fourier coefficients of vertex operators from Mg. Moreover, the above map is a 
homomorphism of Lie algebras (actually, an embedding in this case). 

Note that U{M^ is not an algebra. For instance, it contains the generators aa,n-, n 
of the Heisenberg algebra, but does not contain monomials in these generators of degree 
greater than one. However, we will only need the Lie algebra structure on U{Mq). 

The elements of ^Ig = FunLt/ which lie in the image of U{M^ are called "local 
functionals" on LU . The elements of which belong to U (Mg) are given by (possibly 
infinite) linear combinations of Fourier coefficients of normally ordered polynomials in 
aQ,(z),a*(z) and their derivatives. We refer to them as "local" elements of 

2.5. Coordinate independent definition of Mg. The above definition of the vertex 
algebra Mg referred to a particular system of coordinates ya,Oi € A_|_ , on the group 
A^_i-. If we choose a different coordinate system y'^,a £ A4., on A^+, we obtain another 
Heisenberg algebra with generators a'^ „^ and a^,™' a vertex algebra Mg. However, 
the vertex algebras Mg and Mg are canonically isomorphic to each other. In particular, 
it is easy to express the vertex operators a'^{z) and a*'(z) in terms of aa{z) and a* (z). 
Namely, if y'^ = Fa{yp), then 

7eA+ 

a;'(z) ^ F^{al{z)). 

It is also possible to define Mg without any reference to a coordinate system on Nj^. 
Namely, we set 

Mg = l^d^l^^^ Fun(iV+[[t]]) C/(n+ t-^C[t-']) ® Fun(iV+[[t]]), 

where Fun(A^_|_[[t]]) is the ring of regular functions on the proalgebraic group A^+[[t]], 
considered as an n+[[t]] -module. If we choose a coordinate system {ya}a&A+ on A^4., 
then we obtain a coordinate system {ya,n}aeA+,n>o on A^_|_[[t]]. Then u P{ya,n) ^ 



WAKIMOTO MODULES, OPERS AND THE CENTER 



13 



Mg, where u G U{n+ ® t-^C[t-^]) and P(y„,n) G Fun(iV+[[t]]) = C[ya,nWA+,n>o, 
corresponds to u ■ P{a%,j^) in our previous description of Mg. 

It is straightforward to define a vertex algebra structure on Mg (see [ FFj] , § 2). 



Namely, the vacuum vector of Mg is the vector 1 1 E Mg. The translation operator 
T is defined as the operator —dt, which naturally acts on Fun(A'^_|_[[f]]) as well as on 
n+((t)) preserving n+[[t]]. Next, we define the vertex operators corresponding to the 
elements of Mg of the form x_i|0), where x G n+, by the formula 

y(x_i|o),z) = 

where Xn = x ® t"^ , and we consider its action on Mg viewed as the induced represen- 
tation of n+((t)). We also need to define the vertex operators 

y(p|o),.) = 5]P(„)z-"-^ 

neZ 

for P G Fun(A^+[[t]]). The corresponding linear operators are completely deter- 
mined by their action on |0): 

^'(„,)|0)=0, n>0. 



^(n)|o) = p^r— ip|o), 



their mutual commutativity and the following commutation relations with n+((i)): 

\Xm,P(k)\ = X] ( ^ ) (^n ■ P)(m+k-n)- 
n>0 ^ ^ 



Using the Reconstruction Theorem 3.6.1 of |FB|, it is easy to prove that these for- 
mulas define a vertex algebra structure on Mg. 

In fact, the same definition works if we replace by any algebraic group G. In the 
general case, it is natural to consider the central extension of the loop algebra 
corresponding to an invariant inner product k on 3 defined as in Section Then we 
have the induced module 

KM]eci.Fun(G[[t]]), 
where the central element K acts on Fun(G[[t]]) as the identity. The corresponding 



vertex algebra is the algebra of chiral differential operators on G, considered in [ QMS , 



AG |. As shown in |]GMS| , |AG| ], in addition to the natural (left) action of on this vertex 



algebra, there is another (right) action of g_K_K^, which commutes with the left action. 
Here At^ is the Killing form on g, defined by the formula K^(x,y) = Trg(adxady). In 
the case when g = n+, there are no non-zero invariant inner products (in particular, 
= 0), and so we obtain a commuting right action of n+((t)) on Mg. We will use 



this right action below (see Remark 4.4). 



Remark 2.3. The above formulas in fact define a canonical vertex algebra structure on 

Ind;;;[gj)Fun(C/[[t]]), 
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which is independent of the choice of identification A^-|- ~ U. Recall that in order to 
define U we only need to fix a Borel subgroup i?+ of G. Then U is defined as the open 

-orbit of the flag manifold and so it is naturally an A^+-torsor. In order to identify 
U with A''+ we need to choose a point in U, i.e., an opposite Borel subgroup or 
equivalently, a Cartan subgroup H = Bj^ n of But in the above formulas we 
never used an identification of A^-|_ and C/, only the action of Ln-|_ on Lf7, which is 
determined by the canonical n-(_ -action on C[?7]. 

If we do not fix an identification A^_|_ ~ U , then the right action of n+((t)) discussed 
above becomes an action of the "twisted" Lie algebra n+ (/((i)), where n+ (y = C/ x n+. 

N+ 

It is interesting to observe that unlike n+, this twisted Lie algebra n+^[/ has a canonical 
decomposition into the one-dimensional subspaces xia^u corresponding to the roots A+. 
Therefore there exist canonical (up to a scalar) generators ef" of the right action of n+ 
on U (this observation is due to D. Gaitsgory). We use these operators below to define 
the screening operators, and their independence of the choice of the Cartan subgroup in 
implies the independence of the kernel of the screening operator from any additional 
choices. □ 

2.6. Local extension. For our purposes we may replace ^1^, which is a very large 
topological algebra, by a relatively small "local part" U{Mq). Accordingly, we replace 
Al and A^^ by their local versions A^^^^^ U{Mg) and = ■^<i ^ ^^(^s)- 

Let us describe ^Iq and A^^ more explicitly. The space ^Iq is spanned (topo- 
logically) by the Fourier coefficients of all polynomials in the 5"a*(z),n > 0. Note 
that because the Oq^'s commute among themselves, these polynomials are automat- 
ically normally ordered. The space A^^ is spanned by the Fourier coefficients of 
the fields of the form ■.P{a'^{z), dza'^{z), . . .)afs{z): (the normally ordered product of 
P(a* (z), dza%{z), . . .) and 0/3(2;)). Observe that the Fourier coefficients of all fields of 
the form 

■.P{aUz), dzaUz), ■ ■ ■)dTap{z): , m > 0, 
may be expressed as linear combinations of the fields of the form 

(2.8) ■.P{al{z),dzal{z),...)ap{z):. 

Further, we define a local version 7^^^ of Vect LU as the subspace, which consists of 
finite linear combinations of Fourier coefficients of the formal power series 

(2.9) P{al{z),dzal{z),...)ap{z), 

where act{z) and a*(z) are given by formulas (|2.3| ), ( |2.4| ). 

Since A%^^ ^oc intersection of Lie subalgebras of ^1^, it is also a Lie subalgebra 

of A. By construction, its image in Vect LU under the homomorphism Vect LU 

equals T^^.- Finally, the kernel of the resulting surjective Lie algebra homomorphism 
'^<iioc ~^ •^loc equals Aq^^^. Hence we obtain that the extension ( |2.6| ) restricts to the 
"local" extension 
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This sequence is non-split (see Lemma 11.1.9 of [FB]). The corresponding two-cocycle 



will be computed explicitly in Lemma 2.5 using the Wick formula (it comes from the 
"double contractions" of the corresponding vertex operators). 

According to Section the image of Lg in Vect LU belongs to Tj^^,. We will show 
that the homomorphism Lq — > Tj^^ may be lifted to a homomorphism 0^ > ^^-^ j^^^ 



where is the central extension of Lq defined in Section 2.3 



2.7. Computation of the two-cocycle of the extension ( 2.1C| ). Recall that an 
exact sequence of Lie algebras 

where P) is an abelian ideal, with prescribed g-module structure, gives rise to a two- 
cocycle of Q with coefficients in P). It is constructed as follows. Choose a splitting 
1 '■ 9 ^ 9 of this sequence (considered as a vector space), and define a : /\^g ^ f) by 
the formula 

a{a,b) = t{[a,b]) - [t{a),i{b)]. 

One checks that cr is a two-cocycle in the Chevalley complex of q with coefficients in f), 
and that changing the splitting i amounts to changing cr by a coboundary. 

Conversely, suppose we are given a linear functional a : /\^ S — >• f)- Then we associate 
to it a Lie algebra structure on the direct sum g © t). Namely, the Lie bracket of any 
two elements of f) is equal to 0, [X, h] = X • /i for all X E g, /i G f), and 

[X,Y] = [X,Y]^ + uj{X,Y), X,YeQ. 

These formulas define a Lie algebra structure on g if and only if o" is a two-cocycle in the 
standard Chevalley complex of g with coefficients in f}. Therefore we obtain a bijection 
between the set of isomorphism classes of extensions of g by f} and the cohomology 
group i?^(g,f)). 

Consider the extension ( |2.10| ) . The operation of normal ordering gives us a splitting i 
of this extension as vector space. Namely, i maps the nth Fourier coefficient of the series 
( p.9| ) to the nth Fourier coefficient of the series ( p.8D . To compute the corresponding 
two-cocycle we have to learn how to compute commutators of Fourier coefficients of 
generating functions of the form ( ^.g| ) and ( |2.9D . Those may be computed from the 
operator product expansion (OPE) of the corresponding vertex operators. We now 
explain how to compute the OPEs of vertex operators using the Wick formula following 



I FBH , §§ 11.2.4-11.2.10. 

Let us describe the operation of normal ordering more explicitly. In order to simplify 
notation, we will assume that g = 5(2 and suppress the index a in aa,n and a* „. The 
general case is treated in the same way. We call the generators a„, n > 0, and a^, m > 0, 
annihilation operators, and the generators a^, n < 0, and aj^, m < 0, creation operators. 
A monomial P in ^ is called normally ordered if all factors of P which are annihilation 
operators stand to the right of all factors of P which are creation operators. Given any 
monomial P, we define the normally ordered monomial :P: as the monomial obtained 
by moving all factors of P which are annihilation operators to the right, and all factors 
of P which are creation operators to the left. Note that since the annihilation operators 
commute among themselves, it does not matter how we order them among themselves. 
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The same is true for the creation operators. This shows that :P: is weh-defined by the 
above conditions. 

Given two monomials P and Q, their normally ordered product is by definition the 
normally ordered monomial .PQ:. By linearity, we define the normally ordered product 
of any two vertex operators from the vertex algebra Mg by applying the above definition 
to each of their Fourier coefficients. 

2.8. Contractions of fields. In order to state the Wick formula, we have to introduce 
the notion of contraction of two fields. 

Prom the commutation relations, we obtain the following OPEs: 

a{z)a*{w) = — ^ h ■.a{z)a* {w): , 

z — w 

a*{z)a{w) = h :a*(z)a(w): . 

z — w 

We view them now as identities on formal power series, in which by l/{z — w) we 
understand its expansion in positive powers of w/z. Differentiating several times, we 
obtain 



(2.11) 5>(z)0-a*H = {-1)--^±±0L_ + :5>(z)5-a*H: , 



(2.12) dTa*{z)dZa{w) = + -.dTa* {z)dla{wy. 

(here again by ^/{z — u;)" we understand its expansion in positive powers oi w/ z). 

Suppose that we are given two normally ordered monomials in a{z),a*{z) and their 
derivatives. Denote them by P{z) and Q{z). A single pairing between P{z) and Q{w) 
is by definition either the pairing {d^a{z),d'!^a*{w)) of d'^a{z) occurring in P{z) and 
d^a*{w) occurring in Q{w), or {d"^ a* (z) , d^a{w)) of d'^a*{z) occurring in P{z) and 
d'^a{w) occurring in Q{w). We attach to it the functions 



(n + m)! , ^,^,1 [n + m] 



and (-1)-+^- 



{z - u;)"+'»+l ^ ' {z 

respectively. A multiple pairing B is by definition a disjoint union of single pairings. We 
attach to it the function fB{z,w), which is the product of the functions corresponding 
to the single pairings in B. 

Note that the monomials P{z) and Q{z) may well have multiple pairings of the same 
type. Por example, the monomials ■.a*{z)'^dza{z): and ■.a{w)d^a*(w): have two different 
pairings of type {a*{z), a{w)); the corresponding function is —1/(2: — -u;). In such a case 
we say that the multiplicity of this pairing is 2. Note that these two monomials also 
have a unique pairing {dza{z) , d^a* (w)) , and the corresponding function is —6/ (z — i/;)^. 

Given a multiple pairing B between P{z) and Q{w), we define {P{z)Q{'w))b as the 
product of all factors of P{z) and Q{w) which do not belong to the pairing (if there arc 
no factors left, we set {P{z)Q{w))b = 1). The contraction of P{z)Q{w) with respect to 
the pairing B, denoted ■.P{z)Q{w):bi is by definition the normally ordered formal power 
series ■.{P{z)Q{'w)b)'- multiplied by the function fB{z,w). We extend this definition to 
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the case when B is the empty set by stipulating that 

:P(z)QH:0 = :P(z)QM: . 

Now we are in a position to state the Wick formula, which gives the OPE of two 
arbitrary normally ordered monomial vertex operators. The proof of this formula is 
straightforward and is left to the reader. 

Lemma 2.4. Let P{z) and Q{w) he two monomials as above. Then P{z)Q{w) equals 
the sum of terms ■.P{z)Q[w):b over all pairings B between P and Q including the empty 
one, counted with multiplicity. 

Now we can compute our two-cocycle. For that, we need to apply the Wick formula 
to the fields of the form 

■.R{a*iz),d,a*{z),...)aizy. , 

whose Fourier coefficients span the pre-image of Tioc in A<i,ioc under our splitting i. 
Two fields of this form may have only single or double pairings, and therefore their 
OPE can be written quite explicitly. 

A field of the above form may be written as y(P(a* )a_i, 2) (or Y{Pa-i, z) for 
short), where P is a polynomial in the a*,n < (recall that a*,n < 0, corresponds to 
d~^a*{z)/{—n)\). Applying the Wick formula, we obtain 

Lemma 2.5. 

Y{Pa^i,z)Y{Qa^i,w) = :Y{Pa-i, z)Y{Qa-i,w): 



-E(7r^^nP,-ir(^„_„.): 

n>0 ^ ^ \ -n / 

-E(-^^>'(^«-..^)m'.): 

n>0 ^ ^ \ -n / 

_ V - z]y^ 



.w 



Note that we do not need to put normal ordering in the last summand. 

2.9. Double contractions. Using this formula, we can now easily obtain the com- 
mutators of the Fourier coefficients of the fields Y{Pa-i, z) and Y{Qa^i,w), using the 
residue calculus (see [ [FB| ], § 3.3). 

The first two terms in the right hand side of the formula in Lemma 2^ correspond to 
single contractions between Y{Pa-i,z) and Y{Qa-i,w). The part in the commutator 
of the Fourier coefficients induced by these terms will be exactly the same as the 
commutator of the corresponding vector fields, computed in Tioc. Thus, we see that 
the discrepancy between the commutators in A<i,ioc and in '^\oc (as measured by our 
two-cocycle) is due to the last term in the formula from Lemma |2.5| , which comes from 
the double contractions between Y{Pa-i,z) and Y {Qa-i,w). 

Explicitly, we obtain the following formula for our two-cocycle 

(2.13) a;((Pa_i)(fc),(Qa_i)(,)) 
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(n + m + 1)! ^ V5«-n y \da*_ 



w ] z w 



dw. 



n,m>0 ' 

2.10. A reminder on cohomology. Let again 

be an extension of Lie algebras, where f) is an abelian Lie subalgebra and an ideal 
in [. Choosing a splitting i of this sequence considered as a vector space we define a 



two-cocycle of [ with coefficients in t) as in Section 2.7. Suppose that we are given a Lie 
algebra homomorphism a : g — > [ for some Lie algebra g. Pulling back our two-cocycle 
under a we obtain a two-cocycle of q with coefficients in t). 

On the other hand, given a homomorphism f)' f) of g-modules we obtain a map 
between the spaces of two-cocycles of q with coefficients in f) and f)'. The corresponding 
map of the cohomology groups H'^^Q, f)') — > H'^{q, f)) will also be denoted by i*. 

Lemma 2.6. Suppose that we are given a two-cocycle a of q with coefficients in t)' 
such that the cohomology classes of i^{a) and lo are equal in H'^{q, f)')- Denote by g the 
extension of g by f)' corresponding to a defined as above. Then the map g I may be 
augmented to a map of commutative diagrams 

> [) > T > [ > 

(2.14) 

> t)' 



Moreover, the set of isomorphism classes of such diagrams is a torsor over H^(g,t)). 

Proof. If the cohomology classes of i*(<T) and uj coincide, then i*(cr) + d'j = lo, where 
7 is a one-cochain, i.e., a linear functional g ^ t). Define a linear map P : g ^ I 
as follows. By definition, we have a splitting g = g © f)' as a vector space. We set 
f3{X) = i{aiX)) + 7(X) for all X G g and /3(/i) = i{h) for all /i G f). Then the above 
equality of cocycles implies that /3 is a Lie algebra homomorphism which makes the 
diagram ( ^.14 ) commutative. However, the choice of 7 is not unique as we may modify 



it by adding to it an arbitrary one-cocycle 7'. But the homomorphisms corresponding 
to 7 and to 7 + 7', where 7' is a coboundary, lead to isomorphic diagrams. This implies 
that the set of isomorphism classes of such diagrams is a torsor over H^{g, f)). □ 

2.11. Two cocycles. Restricting the two-cocycle uj of Tioc with coefficients in -Aqj^,^ 
corresponding to the extension ( p.lO| ) to Lg C Tioc we obtain a two-cocycle of Lg with 
coefficients in Aq j^^. We also denote it by a; . The Lg-module Aq contains the trivial 
subrepresentation C, i.e., the span of jY{\0),z)dz/z (which we view as the constant 
function on LU), and the inclusion C -^oioc iiiduces a map of the corresponding 
spaces of two-cocycles and the cohomology groups i/^(Lg,C) —^ H'^{Lg,AQ^^^). 

It is well known that H^{Lg, C) is one-dimensional and is isomorphic to the space of 
invariant inner products on g (the corresponding Kac- Moody two-cocyles are described 
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in Section |2.3|) . We denote by a the class corresponding to the inner product Kc 
— where denotes the Killing form on g. Thus, by definition, 

Kc{x,y) = Tr(adxady). 



We will show that the cohomology classes of i^,{a) and u! are equal. Lemma 2.6 will 
then imply that there exists a family of Lie algebra homomorphisms q^^ — > .A^^ such 
that K 1. 

Unfortunately, the Chevalley complex that calculates H^{Lg,AQ j^^) is unmanageably 
large. So as the first step we will show in the next section that lv and a actually both 
belong to a much smaller subcomplex, where they are more easily compared. 



3. Comparison of cohomology classes 

3.1. Clifford Algebras. Choose a basis { J"}a=i,...,dimg of 0) and set = J" t". 
Introduce the Clifford algebra with generators ■0* ^, a = 1, . . . , dimg; m, n E Z, 
with anti-commutation relations 

Let /\g be the module over this Clifford algebra generated by a vector |0) such that 
V^a,n|0)=0, n>0, V':,n|0) = 0, n > 0. 



Then carries the following structure of a vertex superalgebra (see [FB|, § 14.1.1): 
• Gradation: deg V'a.n = deg V'an = — ?i-,deg |0) = 0; 



Vacuum vector: |0); 

Translation operator: T|0) = 0, [T,ipa 

-{n-lWa,n-i- 
Vertex operators: 



-n'llJa,n~l, [T, 



n&Z 

y(C,olo),^) = C(^) = 5]C,„^ 



-n-l 



k ^ I 

I (_^^ _ n (_^^.)! 

:9-"^-Va,(^) . . . 5-"^-Va,(^)5-"^V:,(z) . . . d-^^r^M)-- 



^ 1 ' 1 

i^(0ai,ni . . . 0afe,n,V'6i,mi • • • ^lum^ |0), 2) = J] (-n- - l)\ H TZ^ 



The tensor product of two vertex superalgebras is naturally a vertex superalgebra (see 
Lemma 1.3.6 of [|FB|] ), and so Mg ® /\^ is a vertex superalgebra. 
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3.2. The local Chevalley complex. The ordinary Chevalley complex computing the 
Lie algebra cohomology H'iLQ,Al,J is C'{Lq,AI,J = ®,^^,C\Lq,AI,J, 



1 



where /\'(Lg) stands for the natural completion of the ordinary ith exterior power 
of the topological vector space Lq, and we consider all continuous linear maps. For 
/ G -Aoioc denote the linear functional (p G Homcont(A*(-^s)'-^o loc) defined by the 
formula 



,p{j^\A...Aj;^j 



f, if ((ai,mi),...,(ai,mi)) = ((6i,A;i),...,(6j,/cj)), 
0, if {{ai,mi), . . . ,{ai,mi)) ^ T{{bi,ki), . . . ,{bi,ki)), 



where r runs over the symmetric group on i letters, by V'fe^ -fc^ • • • V'b _fe /• Then 
any element of the space C^{Lg,AQ-^^^) may be written as a (possibly infinite) linear 
combination of terms of this form. 

The differential d : C'{Lg,A^^^^J C*+HLs,yig i^J is given by the formula 

+ J2i-^y^''^^4>{[Xj,Xk],Xi,. ..,Xj,---Xk,.. . ,^m)- 

j<k 

Let CI^^{Lq,Aq jq^) be the subspace of Homcont (A' (-^0)1-^0 loc)' spanned by all linear 
maps of the form 



(3.1) y ^(d,m •■■Cn,a*i,mi •••<„mJO).^) c?^. np<0,mp<0. 

Lemma 3.1. Cioc(^05'^o loc) preserved by the differential d, and so it forms a sub- 
complex of C'{Lq,A^^^^J. 

Proof. The action of the differential d on J Y{A, z)dz, where A is of the form ( |3.lD , 
may be written as the commutator 



Q{z)dz, I Y{A,z)dz 
where Q{z) is the field 

(3.2) Qiz) = Y{Q,z) = ^r{z)raiz) - ^ /.f :C(^)€(^)^c(^ 



2 

a,b,c 



Therefore it is equal to Y (J Q{z)dz • A, , which is of the form ( |3.lD . □ 

We cah C'locl-^fli'^oioc) ^'"^'^^ subcomplex of C*{Lq,A^^^^). 
Lemma 3.2. Both uj and itf{a) belong to C'ioc(-^S''^oioc)' 
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Proof. We begin with a given by the formula 

(3.3) a{J^, Jt) = ndn,-rrMJ", J') 

(see Section ^^ ). Therefore the cocycle i^,{a) is equal to the following element of 



loC''' 



a<b nSZ 

(3.4) = ^K,(J^ J^) / y(C,_iVfe*,olO),^) dz. 

a<b 

Next we consider uj. Combining the discussion of Section with formulas of Sec- 
tion 1.5, we obtain that 



where Ra is a polynomial. Then formula ( |2.13| ) implies that 

ja jb \ 



Therefore 
(3.5) w = 

(in the last two formulas we have omitted |0)). Hence it belongs to Cy^^{Lq,Aq j^^). □ 

We need to show that the cocycles i=i,(cr) and lv represent the same cohomology class 
in the local complex C*^^{Lq,Aq^^^). 

3.3. Another complex. Given a Lie algebra [, we denote the Lie subalgebra [[[f]] of 
L\=m) by L+l. 

Observe that the Lie algebra Lj^xkj^ acts naturally on the space 

which is identified with the ring of functions on the space U\\t]\ ~ A^+[[t]]. We identify 
the standard Chevalley complex C*(L_(_g, Mg^_|_) = Homcont(A* -^+0> -^g,+) with the 
tensor product -/Vfg^+ (X) Ag+> where 

A9,+ =A(^a,n)n<0. 

Introduce a super derivation T on C*(L+g, Mg^+) acting by the formulas 

T ■ a*_„ = -(n - l)a*_„_i, T ■ ^p*^^ = -{n - l)'i/'a,n-i- 
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We have a linear map C*{L^g,Mg^^) C*^^{Lg,AQi^^) sending A G C*{L^g, 
to / Y{A, z)dz. It is clear that if ^ e IniT, then / Y{A, z)dz = 0. 

Lemma 3.3. The map J defines an isomorphism 

CULq,AI,J ^ C'(L+0,iV4+)/(Imr + C), 

and KerT = C. Moreover, the following diagram is commutative 



C'{L+Q,M,,^ 

d 



C'{L+Q,Mg,^ 
d 



^loc(-^0'-^O,loc) 
d 

Croc(-^Si'^O.loc) 



Proof. It is easy to see that the differential of the Chevalley complex C*(L-|-g, 
acts by the formula A f Q{z)dz ■ A, where Q{z) is given by formula ( |3.2D 



lemma now follows from the argument used in the proof of Lemma 
Consider the double complex 



. The 
□ 



C 



C 



C"(L+0,A4_ 



C«(L+0,Mg,+) 



C 



According to the lemma, the cohomology of the complex C'ioc(-^0''^o loc) given by 
the second term of the spectral sequence, in which the zeroth differential is vertical. 

We start by computing the first term of this spectral sequence. Observe that the 
module Mg^+ is isomorphic to the coinduced module Coind^^^ C. Define a map of 
complexes 

^':C'(L+0,Mg,+)^C'(L+b_,C) 

as follows. If 7 is an i-cochain in the complex C*(L+0, Mg^+) = Homcont(A* ^+0) -^^9,+)) 
then /i'(7) is by definition the restriction of 7 to /\*L-|-b_ composed with the natural 

— !■ C. It is clear that /i' is a morphism of complexes. 



Coind 



L+ fa- 



projection Mg^. 

The following is an example of the Shapiro lemma (see |Fu], § 5.4, for the proof). 

Lemma 3.4. The map fi' induces an isomorphism at the level of cohomologies, i.e., 

(3.6) ^'(^+0, Mg,+) ~ H'{L+h-X)- 

Now we compute the right hand side of (p.6|). Since L+n_ E L^b- is an ideal, and 
iy+b_/L+n_ ~ L^t), we obtain from the Serre-Hochshield spectral sequence (see [Fu], 
§ 5.1) that 

H^iL+b-,C)= //P(L+{),i/''(L+n_,C)). 

p+q=n 

But f)(8l G L+f} acts diagonally on //'(L+ri-, C), inducing an inner grading. According 
to [^, § 5.2, 

HP{L+i),H'^{L+n.,C)) = HP{L+l),H'^iL+n.,C)o), 
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where ff''(L+n_, C)o is the subspace where f) (8) 1 acts by 0. Clearly, //'^(L_|_n_, C)o is 
the one-dimensional subspace of the scalars C C ff'^(L+n_, C), and H'^{L^n^,C)o = 
for q ^ 0- Thus, we find that 

FP(L+f),i/5(L+n_,C)) = /7P(L+f),C). 

Furthermore, we have the following result. Define a map of complexes 

(3.7) /i:C7'(L+0,Af0,+)^C'(L+[),C) 

as follows. If 7 is an i-cochain in the complex C*(L+g, Mg^+) = Homcont(A* -^+0) ^s,+)^ 
then fi{'y) is by definition the restriction of 7 to /\* L+f) composed with the natural pro- 
jection 

(3.8) p : Mg,+ = CoindJ+^_ C ^ C. 

Lemma 3.5. The map fi induces an isomorphism at the level of cohomologies, i.e., 

/^•(L+,0,Mg,+)~//'(L+[i,C). 

In particular, the cohomology class of a cocycle in the complex C^{L^q, Mg^^) is uniquely 
determined by its restriction to /\* L+f). 

Proof. It follows from the construction of the Serre-Hochshield spectral sequence (see 



|Fu|, § 5.1) that the restriction map C*(L+b_,C) — > C*(L+f),C) induces an isomor- 
phism at the level of cohomologies. The statement of the lemma now follows by com- 
bining this with Lemma ^.4| . □ 

Since L^i) is abelian, we have 

/^•(L+[,,C) = /\'(L+f)), 

and so 

i7'(L + 0,Mg, + )^/\'(L+f)). 

It is clear that this isomorphism is compatible with the action of T on both sides. 
The kernel of T acting on the right hand side is equal to the subspace of the scalars. 
Therefore we obtain 

HUL9,Al,J ^ /\\L+i))/{lmT + C). 
3.4. Restricting the cocycles. Any cocycle in C'locl^Bi -^o loc) ^ cocycle in 

C\Lq,AI,J = Homcont(A*(^0)''^O,loc)' 

and as such it may be restricted to /\*(Lf)). 

Lemma 3.6. Any two cocycles in CI^^{Lq,Aq j^^) whose restrictions to /\^{Ll)) coincide 
represent the same cohomology class. 
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Proof. We need to show that any cocycle cj) in CI^^{Lq,Aqi^^), whose restriction to 

/\*(Lf)) is equal to zero, is equivalent to the zero cocycle. According to the above 
computation, (j) may be written as / Y{A, z)dz, where A is a cocycle in C*(L+g, Mg^+) = 
Homcont(A* -^+01 -^0,+)- But then the restriction of A to /\*L_|_f) C /\^ L^q, denoted 
by A, must be in the image of the operator T, and hence so is p{A) = fJ,{A) € 
(here p is the projection defined in ( |3.8D and fi is the map defined in (|3.7D ). Thus, 
fJ-{A) = T{h) for some h € /\*(L-|_P|). Since T commutes with the differential and the 
kernel of T on consists of the scalars, we obtain that h is also a cocycle in 

According to Lemma |3.5| , the map fi induces an isomorphism on the cohomologies. 
Hence h is equal to fi{B) for some cocycle B in C*(L+g, Mg^+). It is clear from the 
definition that fj, commutes with the action of the translation operator T. Therefore it 
follows that the cocycles A and T{B) are equivalent in C*(L+g, Mg_+). But then (j) is 
equivalent to the zero cocycle. □ 

Now we obtain 

Theorem 3.7. The cocycles uj and i^,{a) represent the same cohomology class in 
H^^^{Lq,Aqyoc)- Therefore there exists a lifting of the homomorphism Lg Tj^^ to 
a homomorphism g^^ A^^ such that K 1. Moreover, this homomorphism may 
be chosen in such a way that 

(3.9) r{z) ^ Y{Pa{alo, ai3,-im,z) + Y{Ba, z), 



where Pa is a polynomial introduced in formula ( |1.6D and Ba is a polynomial in the 
(^a,n of degree one. 

Proof. By Lemma |3.6| , it suffices to check that the restrictions of uj and i*(o") to /\^{L\)) 
coincide. We have 

i*{(T){hn,h'^) = nKc{h,h')5n-m 

for all h,h' G f). Now let us compute the restriction of u). We find from the formulas 
given in Section L5 and Section that 

i{h{z)) = - ^ a{h) ■.a*^{z)aa{z): 

aeA+ 

(recall that h{z) = X^^g^ /in-z^"^"*^). Therefore we find that 

uj{hn,h'^) = -n6n-m ^ a{h)a{h') = nKc{h, h')6n-m, 

because by definition Kc{-, •) = —^i^xi'^ ') Killing form k^, we have 

K^ih,h') = 2 ^ a{h)a{h'). 



Therefore the cocycles uj and i^{a) represent the same class in Hy^^{Lq,Aq 



\oc) 
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Hence there exists 7 € Cioc(^Si'^oioc) such that uj + d'y = i^:{a). We may write 7 as 



It follows from the computations made in the proof of Lemma 3.2 that both uj and 



i^:{(T) are homogeneous elements of Cy„^{Lq,Aq ^oc) degree 0. Therefore 7 may be 
chosen to be of degree 0, i.e., Ba may be chosen to be of degree 1. 



Then by Lemma 2.6 formulas ( |3.9| ) define a homomorphism of Lie algebras — > 
1 loc such that K ^ \. This completes the proof. □ 

In the next section we will interpret the above homomorphism in the vertex algebra 
language. 

4. WAKIMOTO MODULES OF CRITICAL LEVEL 

4.1. Homomorphism of vertex algebras. Recall the definition of the vertex algebra 



associated to the afhne Kac-Moody algebra (see |FB|, § 2.4). Define the vacuum 



gK^uiodule Vf^{Q) corresponding to k as the induced representation 

=^Ind|;0eCKCi, 

where Ci is the one-dimensional representation on which Lj^q acts by and K acts as 
the identity. We denote the vector 1 (g) 1 G V"k(s) by u^. 

Recall that k, is unique up to a scalar. Therefore it is often convenient to fix a 
particular invariant inner product kq and write an arbitrary one as k = kKQ, G C. This 



is the point of view taken in |FB], where as kq we take the inner product with respect 



to which the square of the maximal root is equal to 2, and denote the corresponding 
vacuum module by 14(0). In particular, since the Killing form k^(-, •) is equal to 2h 



V 



times kq (see |K1[| ), where is the dual Coxeter number of g, we obtain that for the 
inner product Kc(-, •) = — ^Kj^, (■, •) introduced above we have k = —h^. Thus, Vkc{q) is 
V-hw (g) in the notation of |FB|| . We will call this module the vacuum module of critical 
level. 

The vertex algebra structure on ^^(g) is defined as follows: 

• Gradation: deg J^J . . . J^;;; = - YT=i ^i- 

• Vacuum vector: \0) = v^- 

• Translation operator: Tv,^ = 0, [T,J^] = — nJ°_^. 

• Vertex operators: 

y(j>«,z) = j'^(z) = 5^j^-"-\ 

m ^ 

Y{j^\ . . . j^izv., z) = n • • • d;^-~'r-{zy. 

i=i ^ 

(see Theorem 2.4.4 of [^ ). 

Lemma 4.1. Defining a homomorphism of vertex algebras V'K(g) V is equivalent 
to choosing vertex operators J'^{z),a = l,...,dimg, of conformal dimension 1 in the 



vertex algebra V , whose Fourier coefficients satisfy the relations (2.7) with K = 1. 
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Proof. Given a homomorphism p : Vk{q) V, take the images of the generating vertex 
operators J'^{z) of Vk.{q) under p. The fact that /? is a homomorphism of vertex alge- 
bras imphes that the OPEs between these fields, and hence the commutation relations 
between their Fourier coefficients, are preserved. 

Conversely, suppose that we are given vertex operators J"(z) satisfying the condition 
of the lemma. Denote by the corresponding Fourier coefficients. Define a linear map 
P ■ ^nid) ^ y by the formula 

j^1...j?:zv.^j:i...jZ\o)- 

It is easy to check that this map is a vertex algebra homomorphism. □ 

The complexes C(L_|_0, Mg^+) and C*^^{Lq,Aq^^^) carry natural Z-gradations de- 
fined by the formulas dega* ^ = degip*n — cleg|0) = 0, and deg J Y{A, z)dz = 
deg^ — 1. The differentials preserve these gradations. The following is a corollary of 



Theorem 3.7 



Corollary 4.2. There exists a homomorphism of vertex algebras V^^{q) Afg. 
Proof. According to Theorem 3/7, there exists a homomorphism ~^ ■^<i loc such 



that K ^ 1 and 

r{z) ^ Y{Paia*^,o, «/3,-i)|0), ^) + Y{Ba, z), 
where the vectors Pa and Ba have degree one. Therefore by Lemma 4.1 we obtain a 
homomorphism of vertex algebras V^^lfl) ~^ such that 

Jliv^ ^ Paia*^fl,ap^_i)\0) +Ba. 

□ 

In addition to the Z-gradations described above, the complex C*^^{Lq,Aq^^J also 
carries a weight gradation with respect to the root lattice of g such that wt a* „ = —a, 
wt'(/^*„ = — wt J'', wt |0) = 0, and wt J Y{A, z)dz = wtA. The differentials preserve 
this gradation, and it is clear that the cocycles uj and (a) are homogeneous. Therefore 
the element 7 introduced in the proof of Corollary |4.2| may be chosen in such a way 
that it is also homogeneous with respect to the weight gradation. 

For such 7 we necessarily have Ba = for all J° G [) © ri-i-. Furthermore, the term 
Ba corresponding to J" = must be proportional to a*. -i|0). Using the formulas 
of Section |1.5| and the discussion of Section |2.2| , we therefore obtain a more explicit 
description of the homomorphism V^^(0) M^: 

Theorem 4.3. There exist constants q € C such that the Fourier coefficients of the 
vertex operators 

ei{z) = Oa^iz) + :P^(a*(z))a/3(z):, 

hi{z) = - ^ (3{hi):a*f^{z)a(3{z): , 

fiiz)= Yl ■QU"'aiz))(^f^iz)- + Cidza*a.iz), 
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where the polynomials P^, are introduced in formulas (L7)-(L9), generate an action 
of 9k, on Mg. 

Remark 4.4. In addition to the above homomorphism of Lie algebras : g^c ~^ 
•^<i loc' there is also a Lie algebra anti-homomorphism 



which is induced by the right action of n+ on A^4_ (see Section 1.5). By construction, 
the images of Ln+ under and commute. We have 

(4.1) w^'ie.iz)) = a^^{z) + J] P^^\al{z))ap{zl 

where the polynomials P^'* are defined in Section |l.5| . More generally, we have 

(4.2) w\e^{z)) = a^z) + ^ P^''^ {a;{z))ap{z), 



+ 



for some polynomials P^'". □ 



4.2. Other g— module structures on Mg. In Theorem [4.3| we constructed the struc- 
ture of a gK^-module on Mg. To obtain other g^^-module structures of critical level on 
Mg we need to consider other homomorphisms g^c ~^ loc liftiiig the homomorphism 
Lg '^loc- According to Lemma the set of isomorphism classes of such liftings is 



a torsor over H^{Lq,Aqyoc)- Since we have chosen a particular lifting in Theorem 4.3 , 
we may identify this set with H^{LQ,Afii^^). 

Recall that our complex C*^^{Lq, Aq ^^^) has a weight gradation, and our cocycle u 
has weight zero. Therefore among all liftings we consider those which have weight zero. 
The set of such liftings is in bijection with the weight zero homogeneous component of 
H\Lg,Al,J. 

Lemma 4.5. The weight component of H^{Lg,AQ^^^) is isomorphic to the (topolog- 
ical) dual space {Li})* to L\). 

Proof. First we show that the weight component of H^{Lq.,Aqyoc) isomorphic to 
the space of weight cocycles in C^{Lq,Aqyoc)- Indeed, since wta* „ = —a, the weight 
part of Cioc(-^0' -^0 loc) ~ '^oioc one-dimensional and consists of the constants. If 
we apply the differential to a constant we obtain 0, and so there are no coboundaries 
of weight in C7i(Lg,yi^ i^J. 

Next, we show that any weight one-cocycle (p is uniquely determined by its re- 
striction to C -Lg, which may be an arbitrary (continuous) linear functional on Lf). 
Indeed, since the weights occurring in ^Iq are less than or equal to 0, the restriction 
of (p to L-|_n_ is equal to 0, and the restriction to L() takes values in the constants 
C C ^Igioc- ^o'^ l^t us fix <l)\n^. We identify (Lf))* with \)*{{t))dt using the residue 
pairing, and write (t)\n) as x(t)dt using this identification. Here 
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where Xn{h) = (pihn)- We denote {x{t),hi) by Xi{t)- 

We claim that for any xit)dt € there is a unique one-cocycle (j) of weight 

in C'/qc(-^0''^o,1oc) such that 

(4.3) cb{ei{z)) = 0, 

(4.4) 4>{h^{z))=X^{z), 

(4.5) HMz)) = x^{z)a*{z). 



Indeed, having fixed </>(ej(z)) and <j){hi{z)) as in ( [4.3| ) and ([4.4]) , we obtain using the 
formula 

{[^i,m fj.m]) (^i,n ' 4'{fj,m) fj,'m ' 4'i^i,n') 

that 

^i,jXi,n+m — Ci,n ' 4'{fj,m)- 

This equation on 4>{fj^m) has a unique solution in -Aqj^^ of weight — namely, the one 
given by formula ( |4.5| ). The cocycle if exists, is uniquely determined once we fix its 
values on 62,72, 3-11(1 fi^ri' Lct US sliow thctt it Gxists. Tliis is equivalent to showing 
that the Fourier coefficients of the fields 

(4.6) e,{z) = a^Xz) + E ■■Ph{<{z))ap[z):, 

/3eA+ 

(4.7) hi{z) = - Yl P{hiWp{z)a}{z): + Xi{z), 

/3eA+ 

(4.8) fi{z) = :<3M<(^))«/3(^)- + Ci5.a;^(z) + Xi(^)<„(^), 

/3eA+ 

satisfy the relations of g^^ with K = \. 

Let us remove the normal ordering and set q = 0,i = Then the corre- 

sponding Fourier coefficients are no longer well-defined as linear operators on Mg. But 
they are well-defined linear operators on the space YxmLU. The resulting Lg~module 
structure is easy to describe. Indeed, the Lie algebra Lg acts on FunLf/ by vector 
fields. More generally, for any Lb_-module R we obtain a natural action of Lg on the 
tensor product Fun LC/(g)i? (this is just the topological Lg-module induced from the 
Lb_-module R). If we choose as R the one-dimensional representation on which all fi^n 
act by and hi^n acts by multiplication by Xi,n for all i = 1, . . . , £ and n ^"L, then the 
corresponding Lg-action on Fun LU ®R ~ Fun LU is given by the Fourier coefficients 
of the above formulas, with the normal ordering removed. Hence if we remove the nor- 
mal ordering and set q = 0, then these Fourier coefficients do satisfy the commutation 
relations of Lg. 

When we restore the normal ordering, these commutation relations may in general 
be distorted, due to the double contractions, as explained in Section But we know 



from Theorem 4.2 that when we restore normal ordering and set all Xi,n = 0, then 
there exist the numbers Cj such that these Fourier coefficients satisfy the commutation 
relations of g^^ with K = 1. The terms ( [4.3D -(^) will not generate any new double 
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contractions in the commutators. Therefore computing these commutators with non- 
zero values of Xi,n, we find that the relations remain the same. This completes the 
proof. □ 

Corollary 4.6. For each x{t) £ there is aQ-module structure of critical level 



on Mg, with the action given by formulas (4.6)-( |48| ) 



We call these modules the Wakimoto modules of critical level and denote them by 

Let vTo be the commutative algebra C[6i,n]j=i,.../;n<o with the derivation T given by 
the formula 

m 

T ■ 6ji,ni ■ ■ ■ bim,nm. ~ ~ y ^ fT-jbii,-/!! ■ ■ ■ bi^^rij-l ' ' ' ^im,rim- 

i=i 



Then ttq is naturally a commutative vertex algebra (see [FB|, § 2.3.9). In particular, 
we have 

n<0 



Using the same argument as in the proof of Lemma 4.5, we now obtain a stronger 



version of Corollary 4.2. 



Theorem 4.7. There exists a homomorphism of vertex algebras 

w^, : Kc (fl) ^ Mg VTo 



such that 



ei{z) ^ aa,{z) + :Pj^{al{z))af^{z):, 

hi{z) ^ - ^ (3{hi):a*p{z)ap{z): +bi{z), 
/3eA+ 

/3eA+ 



where the polynomials P^^Q^^ are introduced in formulas (1.7)-(|T 



Thus, any module over the vertex algebra Mg ttq becomes a V'Kj,(5)-module, and 
hence a g-module of critical level. We will not require that the module is necessarily 
Z-graded. In particular, for any x{t) ^ ^*{{t)) we have a one-dimensional vrQ-module 
C^(t), on which acts by multiplication by Xi,n- The corresponding 'gKc~™odule is 
the Wakimoto module VF^(t) introduced above. 

4.3. Application: proof of the Kac Kazhdan conjecture. As an application of 
the above construction of Wakimoto modules, we give a proof of the Kazhdan-Kazhdan 
conjecture from [KK|, following |F1|. 



Let us recall the notion of a character of a 0K~iiiodule. Suppose that we have a 
g^^iiiodule M equipped with an action of the gradation operator Lq = —tdt- Note that 
if K 7^ Kc, then any smooth 'Q^^-m.odvle (i.e., such that any vector is annihilated by the 
Lie subalgebra g ® for sufficiently large N) carries an action of the Virasoro 
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algebra obtained via the Segal-Sugawara construction (see Section 5^ below), and so 
in particular an Lo-action. However, smooth gK^-modules do not necessarily carry an 
Lo^action. 

Suppose in addition that Lq and f) (8> 1 C 0k act diagonally on M with finite- 
dimensional common eigenspaces. Then we define the character of M as the formal 
series 

(4.9) chM= dimM(A)e^, 

A6(f)eCLo)* 

where M(A) is the generalized eigenspace of Lq and (8" 1 corresponding to A : (f) 
CLo)* C. 

The direct sum (f) 03 1) © CLq © CK is the Cartan subalgebra of the extended Kac- 
Moody algebra Qk © CLq. Elements of the dual space \)* are called weights. We will 
consider weights occurring in modules on which K acts as the identity. Therefore 
without loss of generality we may view weights as elements of the dual space to 1} = 
(f) (g) 1) © CLq. The set of positive roots of q is naturally a subset of f)*, and this 
determines a natural partial order on the set of weights. In what follows we will often 
denote = e~^^'^\ where 6 is the imaginary root of g, by q. 

For A = (A, a), let L^^ be the irreducible gK^module with the highest weight A = 
(a. A), on which the central element K acts as the identity. It is the unique irreducible 



subquotient of the Verma module ^. In |KK| a certain subset € i}* is defined 



for any pair {/3,m), where /? is a positive root of g © CLq and m is a positive integer. 
If /3 is a real root, then is a hyperplane in I}* and if /3 is an imaginary root, then 

H^-^^ = [)* and Hj^^^ = for k / k^- It is shown in |KK| that Lj ^ is a subquotient of 



M^^K if and only if the following condition is satisfied: there exists a finite sequence of 

weights /io, • • • , /U„ such that JIq = X,Jin = Ji, ju-i+i = V-i — n^iPi for some positive roots 
Pi and positive integers rrii, and fli G Hj^, ^_ for alH = 1, . . . , n. 

Denote by A^_^ the set of positive real roots of q. Let us call a weight A a generic 
weight of critical level if A does not belong to any of the hyperplanes Hp^,P G A^^, 
where A?^ is the set of positive real roots. It is easy to see from the above condition that 
A is a generic weight of critical level if and only if the only irreducible subquotients 
of M-r have highest weights A — n5, where n is a non-negative integer (i.e., their 

i)* components are equal to the f)* component of A). The following assertion is the 
Kac-Kazhdan conjecture for the untwisted affine Kac-Moody algebras. 



Theorem 4.8. For generic weight A of critical level 



A rr n g-a^ 



Proof. Without loss of generality, we may assume that A = (A,0). 

Introduce the gradation operator Lq on the Wakimoto module W^(t) by using the 
vertex algebra gradation on Mg. It is clear from the formulas defining the gKc^^-ction 
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on given in Theorem 4^ that this action is compatible with the gradation if and 



only if xit) = A/t, where A € f)*. In that case 

chT^;,/, = e^ J] (l-e-")-\ 

where A = (A, 0). Thus, in order to prove the theorem we need to show that if A is 
a generic weight of critical level, then Wx/t is irreducible. Suppose that this is not 
so. Then either Wx/t contains a singular vector, i.e., a vector annihilated by the Lie 
subalgebra n+ = (g tC[[t]]) © (n+ (8) 1), other than the multiples of the highest weight 
vector, or Wx/t is iiot generated by its highest weight vector. 

Suppose that Wx/t contains a singular vector other than a multiple of the highest 
weight vector. Such a vector must then be annihilated by the Lie subalgebra -^^+n+ = 



n+[[t]]. We have introduced in Remark 44 the right action of n+((t)) on Mg, which 



commutes with the left action. It is clear from formula ([4.2| ) that the monomials 

(4-10) n n <™.,.,io) 



<o 

'^s(a) <o 



form a basis of Mg. Therefore the space of L_|_n+-invariants of W^^fi is equal to the 
tensor product of the subspace Mg__ of Wo,kc spanned by all monomials ( 4.10D not con- 



taining a* „, and the space of L_|_n+ -invariants in Mg^+ = C[o* „]Q,gA+,n<o- According 



to Section Mg^_|_ is an L+g-module isomorphic to Coind^^^^ C. Therefore the 
action of L^n^ on it is co-free, and the space of L_|_n+ -invariants is one-dimensional, 
spanned by constants. Thus, we obtain that the space of L_|-n+-invariants in Wx/t is 
equal to Mg^_. In particular, we find that the weight of any singular vector of Wx/t 
which is not equal to the highest weight vector has the form (A,0) — "^jirijd — (3j), 
where nj > and each f5j is a positive root of g. But then Wx/t contains an irreducible 
sub quotient of such a weight. 
Now observe that 



chM(^x,o),.. = ll(^-ql-'-chW, 



\/u 



n>0 



where q = . If an irreducible module L^^n^ appears as a subquotient of Wx/ti then 
it appears in the decomposition of <A\Wx/t into the sum of characters of irreducible 
representations and hence in the decomposition of <iQ.M(^x<S),Kc- Since the characters 
of irreducible representations are linearly independent, this implies that i^^^c is an 
irreducible subquotient of M(x/i)),Kc- ^^'^ ^^i^ contradicts our assumption that (A,0) is 
a generic weight of critical level. Therefore Wx/t does not contain any singular vectors 
other than the multiples of the highest weight vector. 

Now suppose that Wx/t is not generated by its highest weight vector. But then there 
exists a homogeneous linear functional on Wx/t, whose weight is less than the highest 
weight and which is invariant under n_ = (g (gi t^"'^C[t~"'^]) © (n_ (g) 1), and in particular, 
under its Lie subalgebra -L_n+ = n+ (8 t^^C[t^^]. Therefore this functional factors 
through the space of coinvariants of Wx/t by L^n^. But L_n+ acts freely on Wx/t, and 
the space of coinvariants is isomorphic to the subspace C[a* „]Q,gA+,n<o of Wx/f Hence 
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we obtain that the weight of this functional has the form (A, 0) — Y^jinjS + f3j), where 
rij > and each Pj is a positive root of Q. In the same way as above, it follows that 
this contradicts our assumption that A is a generic weight. Therefore Wx/t is generated 
by its highest weight vector. This completes the proof. □ 

4.4. Coordinate— independent version. In the above constructions we considered 
representations of the Lie algebra q^^, which is the central extension of Lg = g{{t)). In 
applications, it is important to develop a theory which applies to the central extension 
of the Lie algebra q{OC) = g (g) 3C, where DC is a topological algebra which is isomorphic 
to C((t)), but non-canonically. For instance, we can take as % the field of fractions 
of the completed local ring of a point x of a smooth curve X. Then if we choose a 
formal coordinate t at x, we may identify % with C{{t)), but this identification is non- 
canonical as there is usually no preferred choice of coordinate t. Formula ( |2.7| ) defining 
the central extension of 0((t)) is independent of the choice of t, and so the central 
extension is well-defined for any algebra % as above. We will denote it by Qi^^(JC) to 
emphasize this fact. 

In order to recast the above construction of Wakimoto modules in a coordinate- 
independent way, we need to understand how to incorporate the action of the group 
of changes of coordinates into this construction. Let Aut be the group of continuous 
automorphisms of C[[t]]. Any such automorphism is determined by its action on the 
topological generator t of C[[t]], t i— > p(t). This allows us to identify Aut with the 
group of formal power series p{t) = pit + p2t'^ + . . ., where pi ^ (see |FB|, § 5.1, for 
more details). The Lie algebra of Aut is Der^. = tC[[t]]5t. Denote by DerO the 
Lie algebra C[[t]]5t. Then (DerO, Aut 0) is an example of a Harish-Chandra pair (see 



I FBI, Ch. 5 and § 16.2). 

Now let C 3C be a pair consisting of a complete local ring isomorphic to C[[t]] 
and its field of fractions %. Let m be the unique maximal ideal of 0, and Aut the set of 
topological generators of m (these are the coordinates on the disc SpecO). Then Aut 
is naturally an Aut 0-torsor, with the (right) action given by the formula z i— >• p(^z) for 
each p{t) G Aut 0. Given any Aut 0-module V, we may form its twist by Aut, 

V=^Aut X V. 

Auto 



Let V be the module V^id) defined in Section (where we identify Lq with ^((t))). 
Since Q{{t)) and Q[[t]] carry natural Aut 0-actions, so does Vn{g). The corresponding 
Aut-twist 'Vk(s) may alternatively be described as follows: 

(4.11) V,{g)=Aut^x^VM = ^^4^ScK'Ci^ 

where is now the central extension of g (8) IK rather than g((i)). 

We now want to describe an action of Aut on Mg and ttq such that the homomor- 



phism Vi^^{q) — > Mg ttq of Theorem L7 commutes with the action of AutO. Then 



we will obtain a map ^^(g) to the corresponding Aut-twist of Mg (Si ttq and this will 
enable us to describe the Wakimoto modules in a coordinate-independent fashion. 

Before describing the Aut 0-action on Mg and vro, we discuss in the next section how 
to deform the homomorphism V^^(g) Mg ttq away from the critical level. 
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5. Deforming to other levels 

5.1. Homomorphism of vertex algebras. As before, we denote by P) the Cartan 
subalgebra of g. Let i)^ be the one-dimensional central extension of the loop alge- 
bra Li) = i){{t)) with the two-cocycle obtained by restriction of the two-cocycle on 
Lq corresponding to the inner product k. Then according to formula ( |2 . 7D , t)^ is a 
Heisenberg Lie algebra. We will consider a copy of this Lie algebra with generators 
bi,nj i = 1, n G Z, and K with the commutation relations 

[bi,m bj^m] — nK[hi, hj)Kdn,—m- 

Thus, the bi^nS satisfy the same relations as the /ii,n's. Let ttq denote the fj^-module 
induced from the one-dimensional representation of the abelian Lie subalgebra of fj^ 
spanned by 6i,n,i = 1, . . . ,i,n > 0, and K, on which K acts as the indentity and all 
other generators act by 0. We denote by |0) the generating vector of this module. It 
satisfies: 6i,n|0) = 0,n > 0. Then vtq has the following structure of a vertex algebra 
(see Theorem 2.3.7 of [fB)): 

• Gradation: degbi^^m ■ ■ ■ ^i™,n„|0) = - YaLi ni- 

• Vacuum vector: |0). 

• Translation operator: T|0) = 0, [T, = —nbi^n-i- 

• Vertex operators: 

Y{bi,^l\0),z)=bi{z)=Y,b^,nZ-''-\ 
n 

y{hun,---h^,nj^),z)=^ _ ■.d;---\,{z)...d-^-~\^{z): . 

j=l V "-J )■ 

The tensor product Mg (8) ttq""'' also acquires a vertex algebra structure. 
Theorem 5.1. There exists a homomorphism of vertex algebras 

such that 

ei{z) ^ aa,{z) + :P'p{al{z))ap{z): , 

/3GA+ 

(5.1) hi{z) ^- Yl Pihiy.a}{z)ap{z): + bi{z), 
/3eA+ 

fiiz) ^ Yl ■QU'^Uz))af3{z): + {ci + {k - Kc){eiJi)) d,a*^^{z) + bi{z)al^{z), 
/3eA+ 



where the polynomials PJ^,Q^p are introduced in formulas ( |1.7| ) -(|1. 



Proof. Denote by yij^^ the Lie algebra U{Mq ® ttq '^''). By Lemma LI, in order to 
prove the theorem, we need to show that formulas ( |5.l[) define a homomorphism of Lie 
algebras —> Af^^ sending the central element K to the identity. 
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Formulas (5.1) certainly define a linear map '■ Lg — > Af^^. Denote by io^ the linear 
map /\^ Lq — > Af^^ defined by the formula 

^kU^q) = uJk (5)] - ^^^([/.sD- 



Evaluating it explicitly in the same way as in the proof of Lemma 3.2, we find that 
takes values in ^gioc ^ -^loc- Furthermore, by construction of I(Jk, for any X S -^qIoc 
and f (z Lq we have X] = f ■ X, where in the right hand side we consider 

the action of / on the Lg-module -Aqj^^. This immediately implies that lo^ is a two- 
cocycle of Lq with coefficients in A^^^^. By construction, is local, i.e., belongs to 
CLiL9,AlJ. 

Let us compute the restriction of lo^ to /\ LI). The calculations made in the proof 
of Lemma imply that 

uJ^iK, h'^) = n{Kc{h, h') + (k - Kc){h, h')) = nK{h, h'). 

Therefore this restriction is equal to the restriction of the Kac-Moody two-cocycle 



c7k on Lq corresponding to k. Now Lemma 3.6 implies that the two-cocycle 0;^ is 
cohomologically equivalent to We claim that it is actually equal to i*{(Ti^). 

Indeed, the difference between these cocycles is the coboundary of some element 7 G 
^ioc(-^S''^o loc)- "^^^ discussion before Theorem implies that 7(ej(z)) = 'y{hi{z)) = 
and j{fi{z)) = c[dza*^^{z) for some constants c[ G C. In order to find the constants c[ 
we compute the value of the corresponding two-cocycle uj^ + c^7 on Ci^n and fi-n- We 
find that it is equal to nai^{ei^n-, fi-n) + £^^^(6,, fi). Therefore = for alH = 1, . . . , i, 
and so 7 = and uj^ = i^,{af^). This implies that formulas ( |5.lD indeed define a 
homomorphism of Lie algebras A^^ sending the central element K to the 

identity. This completes the proof. □ 

The following result is useful in applications. 



Proposition 5.2. The homomorphism of Theorem 5.1 is injective for any k. 



Proof. We will introduce filtrations on Vk{q) and Wo,k = M^^Ti^'^" which are preserved 
by Wk, and then show that the induced map grw^ : gry^lfl) grW^^^ (which turns 
out to be independent of k) is injective. 

In order to define a filtration on V^(0) we observe that 

and use the Poincare-Birkhoff-Witt filtration on U{q(^ t^'^C\t'''^\). Now we define a 
filtration {Wq-^} on Wq^^ by defining W^^ to be the span of monomials in the flo^n's, 
a* „'s and ftj^n's whose combined degree in the aa,nS and 6j^„'s is less than or equal to 
p (this is analogous to the filtration by the order of differential operator). It is clear 
from the construction of the homomorphism that it preserves these filtrations. 

Now we describe the corresponding operator gvwi^ : grVfi{Q) — > grWo,K- Let g be 
the variety of pairs (b,x), where b is a Borel subalgebra in q and x G b. The natural 
morphism q Fl, where Fl is the flag variety of 5, mapping (b, x) to b G Fl identifles g 
with a vector bundle over the flag variety Fl, whose flber over b G Fl is the vector space 
b. There is also a morphism g — > g sending (b,x) to x. Now let U be again the big 
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cell, i.e., the open -orbit of Fl, and U its preimage in g. In other words, U consists 
of those pairs (b,x) for which b is in generic relative position with b+. It is isomorphic 
to an affine space of dimension equal to dim 3. The induced morphism p : [/ — > g is 
dominant and generically one-to-one. 

Now let JU and Jg be the infinite jet schemes of U and g, defined as in |FB], 
§ 8.4.4, and Jp the corresponding morphism JU Jq. Then Jp is clearly a dominant 
morphism and so the corresponding homomorphism of rings of functions Jp : C[Jg] — > 
C[JC/] is injective. 

Since Jg ~ Q[[t]], it follows that 

grK(5)=^Symg((t))/g[[t]]^C[Jg]. 

Moreover, JU is isomorphic to gr Wq.k) and it follows from our construction of that 
grwn = Jp. This implies the statement of the proposition. □ 

5.2. Wakimoto modules away from the critical level. Any module over the vertex 
algebra Mg0TTQ~'^'' now becomes a V'K(g)-module and hence agK^module (with K acting 
as 1). For A E f)*, let vr^"'^'' be the Fock representation of l)^ generated by a vector |A) 
satisfying 

6i,„|A)=0, n>0, bi,o\X) = X{hi)\X), K\X) = \X). 

Then 

is an Mg (g) vtq "''''-module, and hence a g^-module. We call it the Wakimoto module of 
level K. and highest weight X. 

5.3. Conformal structures at non-critical levels. In this section we show that the 
homomorphism of Theorem 5.1 is a homomorphism of conformal vertex algebras 
when K Kc- This will allow us to obtain a coordinate-independent version of this ho- 
momorphism. By taking the limit k — > Kc, we will also obtain a coordinate-independent 
version of the homomorphism w^^ ■ 

The vertex algebra ^^(g), k ^ Kc, has the standard conformal structure given by the 
Segal-Sugawara vector 

(5.2) s^ = ^Y,Jl^Ja,-iv^, 

a 

where {Ja} is the basis of g dual to the basis {J"} with respect to the inner product 
K — Kc (see [ [FB| , § 2.5.10, for more details). We need to calculate the image of s^ under 

Lemma 5.3. The image of under is equal to 

(5.3) [ Yl «",-i<-i + ^EVi&-i-P-2) 10), 

\oGA+ i=l J 

where {6*} is a dual basis to {hi} and p is the element of i) corresponding to p € t)* 
under the isomorphism induced by the inner product {k — Hc)\^. 
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Proof. The vector iij^Csk) is of degree 2 with respect to the vertex algebra gradation 
on Mg ttq"'^" and of weight with respect to the gradation by the root system such 
that wtOa^n = — wta* „ = Q,wt6j_„ = 0. The basis in the corresponding subspace of 
Mg tTq"'^'' consists of the monomials of the form 

(5.4) bi-2, 
(5.5) 

(5.6) Cq, _ia/3 _ia* oa^,o> aa_ia* o&i-ij 

applied to the vacuum vector |0). 

The Fourier coefficients L„, n € Z, of the vertex operator WKisn) preserve the weight 
gradation on Mg^vrg"'''' and degL„ = —n with respect to the vertex algebra gradation 
on Mg(8)7rQ~'^''. This implies that the vectors aa-i\0) and a* o|0))Ck G A+, are primary 
vectors, i.e., they are annihilated by L„,n > 0, and are eigenvectors of Lq. We claim 
that Lq acts by 1 on aa-i\0) and by on a* o|0). 

Indeed, the vectors JliV^ € Vk{q) are primary of degree 1. Therefore the same is 
true for their images in Mg (g) tTq"'^". Let {ea}a€A+ be a root basis of n+ C g such that 
= Cj. Then we have 

(5.7) Wi^{ea-iv,,) = a„ _i + ^ (a^.o)^/? -i |0)' 

where the polynomials Pg are found from the formula of the action of Ca on U: 



In particular, P^' = P^ considered above. In addition we have the following formula 
for Wi^{hi^^iv^) which follows from Theorem 

(5.8) w^{hi-iv^) = - ^ /3(/ij)aS,/3«/3 -1 + -1 |0). 

Using these formulas, we obtain that the vectors aa-i\Q) (resp., a*^Q\^)) are primary 
vectors of degree 1 (resp., 0) with respect to ^^(sk). This readily implies that the basis 
vectors ( ^.6D do not appear in the decomposition of i«k(sk) and that the vectors ( |5.5| ) 
enter in the combination 

(5.9) ««.-i<-i|0). 

It remains to determine the coefficients with which the monomials ( |5.4D enter the for- 
mula for ■(/;«; (sk). 
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Using formula (|5.8| ) and our knowledge of the aa* component of ^^(sk) we find the 
following action of the Fourier coefficients Ln of Y{wk{sk), z) on the first summand of 

Lo--^ /3(/ii)ao,/3a/3-i|0) = - ^ P(.hiWo,fsO'l3-i\0), 
/36A+ /3eA+ 

Li--Yl P{h^)alf,ap^^l\0) = - ^ /3(/i,)|0) = -2p(/i,)|0). 

/3eA+ /3eA+ 



and L„,n > 1, act by 0. There is a unique combination of monomials (5.4) which, 
when added to (p.S|), makes a conformal vector with respect to which Wfi{hi^^iv^) is a 
vector of degree 1 annihilated by n > 0, namely, 

1 ^ 

(5.10) -J]Vi6Li-p-2. 

This completes the proof. □ 

5.4. Quasi-conformal structures at the critical level. Now we use this lemma 
to obtain additional information about the homomorphism w^,^. Recall that a vertex 
algebra is called quasi-conformal if it carries an action of the Lie algebra Der satisfying 
the conditions of |FB[| , § 5.2.4. In particular, a conformal vertex algebra is automatically 
quasi-conformal (with the Der 0-action coming from the Virasoro action) . 

The Lie algebra Der acts naturally on preserving 0[[t]], and hence it acts on 
V'ftc(fl)- The Der 0-action on Vi^^[q) coincides with the limit k — > Kc of the DerO- 
action on V^(g),K ^ Kc-, obtained from the Sugawara conformal structure. Therefore 
this action defines the structure of a quasi-conformal vertex algebra on V^^(s). 

Next, we define the structure of a quasi-conformal algebra on Mg ® ttq as follows. 
The vertex algebra Mg is conformal with the conformal vector ( |5.9| ) , and hence it is also 
quasi-conformal. The commutative vertex algebra ttq is the k — > Kc limit of the family of 
conformal vertex algebras tIq'^^" with the conformal vector ( |5.1C1| ). The induced action 
of the Lie algebra Der on t^q"'^" is well-defined in the limit k ^ Kc and so it induces 
a Der 0-action on vro. Therefore it gives rise to the structure of a quasi-conformal 
vertex algebra on vro. The Der 0-action is in fact given by derivations of the algebra 
structure on ttq C[6j_„], and hence by Lemma 5.2.5 of [|FB| ] it defines the structure 
of a quasi-conformal vertex algebra on ttq. Explicitly, the action of the basis elements 
Ln = —t'^'^^dt, n > —1, of Der on ttq is determined by the following formulas: 

Ln ■ bi,m = -mbi^n+m, -I < n< -m, 

(5.11) Ln ■ bi_n = n, n > 0, 

Ln ■ bi^m = 0, n> -m 

(note that p{hi) = 1 for all i). Now we obtain a quasi-conformal vertex algebra structure 
on Mg TTo by taking the sum of the above Der 0-actions. 

Since the quasi-conformal structures on V^^(fl) and Mg ® ttq both came as the limits 



of conformal structures as k — > we obtain the following corollary of Lemma 5.S: 
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Corollary 5.4. The homomorphism w^c '■ ~^ -^s ^ ^0 preserves quasi- conformal 
structures. In other words, it commutes with the Dei -action on both sides. 

5.5. Transformation formulas for the fields. We can now obtain the transforma- 
tion formulas for the fields Oq, (z) , a* (2) and bi(z). According to the computations we 
made in the proof of Lemma we have the following action of the basis elements 
Ln,n > 0, of Der+ on the vectors Oq,__i|0) and a^olO): 

Lo • Cq, _i|0) = _i|0), L„, • fflQ, _i|0) = 0, n > 0, 

^n-<o|0) = 0, n>0. 

According to Proposition 5.3.8 of [ [FB| ], this implies that the field 0^(2;) = Y{aa-i\0), z) 
transforms as a one- form on the punctured disc = SpecC((2)), while the field 
^*a{^) — ■^('^o olO)) -2) transforms as a function on . In particular, we obtain the 
following description of the module Mg. Consider the Heisenberg Lie algebra F which 
is a central extension of the commutative Lie algebra U {{t))®U* {{t))dt with the cocycle 
given by the formula 

f{t),g{t)dt^ I {f{t),g{t))dt. 

This cocycle is coordinate-independent, and therefore T carries natural actions of Aut 
and DerO, which preserve the Lie subalgebra r+ = U[[t]] © C/[[t]](it. We identify the 
completed Weyl algebra with a completion of U{T)/{1 — 1), where 1 is the central 
element. The module Mg is then identified with the L-module induced from the one- 
dimensional representation of ® CI, on which r+ acts by 0, and 1 acts as the 
identity. The (Der 0, Aut 0)-action on Mg considered above is nothing but the natural 
action on the induced module. 

Now we consider the fields bi{z). We have 

(5.12) Lo-fei,-i|0) =6i,_i|0), Li-6,,_i|0) = 2|0), L„ • 6,,„i|0) = 0, n > 1. 



Recall that bi{z) = y(6j^„ijO), z). According to [ [FB[ , § 7.1.11, these formulas imply 
that dz + bi{z) transforms as a connection on the line bundle over with 

values in EndTTg"''''. 

Consider the [}*-valued field h{z) = Yli=i^ii-^)^i such that (b(z),/ii) = bi{z). The 
space f)* is the Lie algebra of the group dual to H (and it is the Cartan subalgebra 
of the Langlands dual Lie algebra of g). Denote by 17"'' the unique principal ^H- 
bundle on a smooth curve or a (punctured) disc such that the line bundle associated 
any character A : (equivalently, a cocharacter of H) is . The space of 

connections on this bundle is a torsor over [)* (g) 0. The above statement about bi{z) 
may be reformulated as follows: the operator dz + b(z) transforms as a connection on 
the ^iJ-bundle Q'P. 



Now we can answer the question posed in Section iA. Let X he a complete local 
field isomorphic to C{{t)), its ring of integers isomorphic to C[[t]], and Aut the 
corresponding Aut 0-torsor of formal coordinates on the disc D = SpecO. Let 5^(3^) 
be the affine algebra obtained as the central extension of g 3C (corresponding to 
the inner product n on g). Let T(JC) the Heisenberg Lie algebra obtained as the 
central extension of ([/ (8 3C) © {U* ^x), and T+{X) its commutative Lie subalgebra 
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(?7 (g) 0) © {U* (g) no). Let V^{g) be the 0«;(aC)-module defined by formula (Pl ) and 
Mg{X) be the r(3C)-module 

MJX) = Aut X Mr.. 

Aut 

According to the above description of Mg as the induced module, we have 
M,(X)=IndJ%^C,Ci 

~ Sym(;7 ®%®u* 0nx)/{u (goeu* ^ no) 

~Fun(C7 0f]oeC/*«)O). 

The last isomorphism is obtained using the residue pairing. 
Now consider the twist 

Ho = Aut X TTo, 
Aut 

This is a module over the Lie algebra 

t){X) = Aut X 

Auto 

which is a central extension of f) 3C. According to the transformation formula for 
h(z) obtained above, i){OC) may be described in the following way. Consider the vector 
space Conn|_)^j.(Q~'')^x of A-connections on the ^i7-bundle 17"'' on = Spec3C (for 
all possible complex values of A). It fits into the exact sequence 

O^i)* (^n^jx ^ Conn{x}{^~'')Dx ^ Cd ^ 0. 

Then f)(3C) is by definition the topological dual vector space to Conn^x}{^^^)Dx with 
the zero Lie bracket. Let 1 be the element dual to d. Any connection V on n~^ over 
the punctured disc Spec X defines a one-dimensional representation C v of 1} {X) taking 
the value 1 on 1. If we choose an isomorphism X ~ C{{z)), then the connection is given 
by the formula V = dz + x{z), where xi^) ^ ^*ii^))- The action of the generators 
is then given by the formula 



bi,n ^ J (x{z),hi)z'''dz. 

Now Ho is identified as an \) (3C)-module with the space of functions on the subspace 
Coxm{n''P)o of connections on the disc D = SpecO. The annihilator of IIq in \]{X) is 
the subspace f) 0, which is the orthogonal complement of Conn(r2~^)£). 

Proposition 5.5. For any connection on the ^ H -bundle n~'^ over the punctured disc 
Specie, there is a canonical Qf^^(X) -module structure on Mg(3C). 



Proof. By Theorem 4.7, there exists a homomorphism of vertex algebras w^^ : ^^^(g) 
Mg^TTQ. According to Corollary 5^, it commutes with the action of Der and Aut on 



both sides. Therefore the corresponding homomorphism of Lie algebras g — > C/ (Mg ^ 
ttq) also commutes with the action of Der and AutO. Hence we may twist this 
homomorphism with the Aut 0-torsor Aut. Then we obtain a homomorphism of Lie 
algebras 

0«^(DC) ^ U{M„ (g) 7ro){X) = Aut x U{M„ ® ^o)- 

Aut 
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Let US call a T{3C) © [)(3C)-module smooth if any vector in this module is annihilated 
by the Lie subalgebra 

{U m^) © {U* © m^no) © (f) © m^), 

where m is the maximal ideal of 0, for sufficiently large A^. Then clearly any smooth 
T{X) © f)(3<;)-module is automatically a U{Mg (g) 7ro)(3C)-module and hence a Qk^{JC)- 
module. Note that Mg(3C) is a smooth r(3C)-module, and Cy is a smooth f)(3C)- 
module for any connection V on the ^//-bundle over the punctured disc Spec3C. 
Taking the tensor product of these two modules we obtain a q^c (3<!)-module, which is 
isomorphic to Mg(3C) as a vector space. If we choose an isomorphism % ~ C{{z)), this 
is nothing but the Wakimoto module W^(^z) introduced in Corollary [4.6| . □ 

Thus, we obtain a family of 0Kc(3^)^™odules parameterized by flat connections on 
the -^iJ-bundle Q'P over the punctured disc Spec IK. 

6. Semi-infinite parabolic induction 

6.1. Wakimoto modules as induced representations. The construction of the 
Wakimoto modules presented above may be summarized as follows: for each repre- 
sentation N of the Heisenberg Lie algebra t)^, we have constructed a QK+Ka~^odule 
structure on Mg (8) N. The procedure consists of the extension the f^R-module by to 
b-^fi followed by what may be viewed as a semi-infinite analogue of induction from b__K 
to Qk+kc- An important feature of this construction, as opposed to the ordinary induc- 
tion, is that the level gets shifted by Kc- In particular, if we start with an f)o-module, 
or equivalently, a representation of the commutative Lie algebra Li), then we obtain a 
g^^-module of critical level, rather than of level 0. Irreducible smooth representations 
of LI) are one-dimensional and are in one-to-one correspondence with the elements x{t) 
of the (topological) dual space (Lt))* ~ {}*{{t))dt. Thus, we obtain the Wakimoto mod- 
ules VF^(t) of critical level. But as we have seen above, if we look at the transformation 
properties of x(t) under the action of the group Aut of changes of the coordinate 
t, we find that x(^) actually transforms not as a one-form, but as a connection on a 
specific -^ff-bundle. 

In contrast, if k 7^ 0, the irreducible smooth fi^-modules are just the Fock represen- 
tations vr^. To each of them we attach a 'gK+Kc~™odule Wa.k+kc. 

Now we want to generalize this construction replacing the Borel subalgebra b_ and 
its Levi quotient f) by an arbitrary parabolic subalgebra p and its Levi quotient m. Then 
we wish to attach to a module over a central extension of the loop algebra Lm a q- 
module. It turns out that this is indeed possible provided that we pick a suitable central 
extension of Lm. We call the resulting g-modules the generalized Wakimoto modules 
corresponding to p. Thus, we obtain a functor from the category of smooth m-modules 
to the category of smooth g-modules. It is natural to call it the functor of semi- 
infinite parabolic induction (by analogy with a similar construction for representations 
of reductive groups). 
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6.2. The main result. Let p be a parabolic Lie subalgebra of g. We will assume that 
p contains the lower Borel subalgebra (and so in particular, p contains f)). Let 



m I 



be the direct sum decomposition of p, where m is the Levi subgroup containing f} and 
r is the nilpotent radical of p. Further, let 



m = ^ mj e mo 



i=l 

be the decomposition of m into the direct sum of simple Lie subalgebras rrij, i = 1, . . . , s, 
and an abelian subalgebra mo such that these direct summands are mutually orthogonal 
with respect to the inner product on q. We denote by Ki^c the critical inner product on 
vXi,i = 1, . . . , s, defined as in Section We also set ko,c = 0. 

Given a set of inner products Kj on m,, = 1, . . . , s, we obtain an inner product on 
m. Let m(K^) be the corresponding affine Kac-Moody algebra, i.e., the one-dimensional 
central extension of Lm with the commutation relations given by formula (^^- We 
denote by VK^{mi),i = l,...,s, the vacuum module over ffij with the vertex algebra 



defined as in Section 4.1. We also denote by VKo{mo) the Fock representation ttq" of the 
Heisenberg Lie algebra m^Q with its vertex algebra structure defined as in Section 5.1. 
Let 

s 

i=0 

be the vacuum module over m(Ki) with the tensor product vertex algebra structure. 

Denote by A'^ the set of positive roots of q which do not belong to p. Let A^'^ be 
the Weyl algebra with generators aa,n,CL^n^'^ ^ ^+)'^ € Z, and relations (|2.2D . Let 
Mg^p be the Fock representation of yi^'P generated by a vector |0) such that 

aa,n\0) =0, n > 0; a* „[0) = 0, n > 0. 



Then Mg^p carries a vertex algebra structure defined as in Section |2.4 



We have the following analogue of Theorem |5T 



Theorem 6.1. Suppose that Ki,i = 0, . . . , s, is a set of inner products such that there 
exists an inner product k on q whose restriction to xrii equals Ki — Ki^c for all i = 0, . . . , s. 
Then there exists a homomorphism of vertex algebras 

«;P:K+.,(0)^M0,p®y(,^(m). 



Proof. The proof is a generalization of the proof of Theorem (in fact, Theorem 5J 



is a special case of Theorem 6J when p = b_). Let P be the Lie subgroup of G 
corresponding to p, and consider the homogeneous space G/P. It has an open dense 
subset Up = Np ■ [1], where A'^p is the subgroup of corresponding to the subset 
A'^ C A-I-. We identify Up with A'^p and with its Lie algebra rip using the exponential 
map. 

Set LUp = Up{{t)). We define functions and vector fields on LUp, denoted by FunLUp 



and Vect LUp, respectively, in the same way as in Section |2^. The action of Lg on 
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Up{{t)) gives rise to a Lie algebra homomorphism 

Pp : Lg ^ Vect LUp © Fun Up^Lm. 
Moreover, the image of this homomorphism is contained in the "local part", i.e., the 



direct sum of the local part 7f^'^ of Vect LUp defined as in Section 'LQ and the local part 
Jf^P of Pun C/p§Lm. By definition, Of^l is the span of the Fourier coefficients of the formal 
power series P{d^a'^{z))J^{z), where P is a differential polynomial in a'^{z),a G A^, 
and J°- G m. 

Let ■Aq'j'q^ and joc zeroth and the first terms of the natural filtration on 



the local completion of the Weyl algebra A^'P, defined as in Section |2.3| . We have a 
non-split exact sequence 

(6-1) - A^;f„, - Af,^,^^ ^ ^ 0. 

Set 

aS.P 4£f nS,P qS'P 

''loc ~ •^<l,loc ^ -^loc' 

and note that 3f^^ is naturally a Lie subalgebra of the local Lie algebra C/(Mg p (g) 
V(^^)(ra)). Using the splitting of the sequence (|6.l|) as a vector space via the normal 
ordering, we obtain a linear map ^^(k,) : Lg dfac- 

We need to compute the failure of it'(Kj) to be a Lie algebra homomorphism. Thus, 
we consider the corresponding linear map : -^0 ~^ ^foc defined by the formula 



Evaluating it explicitly in the same way as in the proof of Lemma |3.2| , we find that 
takes values in Ag foc ^loc- Furthermore, -Aq^^^, is naturally an Lg-module, and by 
construction of I(J(k,)) for any X G -Agf^^ and / G Lg we have [w(^K^^{f), X] = f -X. This 
implies that uj(Ki) is a two-cocycle of Lg with coefficients in A^^^^. By construction, it 
is local, i.e., belongs to C^^^{Lg,A?.'f ). 



Following the argument used in the proof of Lemma we show that any two 
cocycles in C'ioc(-^0''^ofoc)' '^hose restrictions to /\^(Lm) coincide, represent the same 
cohomology class. 

Let us compute the restriction of uj(k^) to /\^ Lm. For that we evaluate on 
elements of Lm. Let { J*}i=i,...,dimm be a basis of m. The adjoint action of the Lie 
algebra m on g preserves tXp. Under this action, which we denote by pn^, an element 
j4 G m acts by the formula 



for some c^(^) G C. Therefore 



Wi^,){A{z)) = - c${Ay.a*f^{z)ap{zy. + A{2 
/3eA' 
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where A{z) is the field X]nez(^'^^")-^ " ^' considered as a generating series of elements 
of 3f^^. Let Krip be the inner product on m defined by the formula 

{A,B) = Tr:^^p^^{A)p^iB). 

Moreover, we find that for yl G nij, S € rrij, 

(6.2) L0^^^){An,B^rn) = n{-Kn,{A,B) + Ki{A,B))6n,-m, 

if i = j, and 

(6.3) u;(^^) {An, Bm) = -nK„^ {A, B)6n-m, 

if i 7^ j. Thus, the restriction of uj(Ki) to /\^ Lm takes values in the constants C C -^oToc- 
Let be the Killing form on g and ki^k be the Killing form on nij (in particular, 
i'^o,K = 0). Then 

K^{A,B) = KtK{A,B) + 2Kn,{A,B), if i=j, 

^^.iA,B) = 2Kn,iA,B), if i^j. 

Since rrij and raj are orthogonal with respect to for all i 7^ j by construction, 
we obtain that Knp{A,B) = 0, if i 7^ j. Recall that by definition Kc = —^kk, and 
Ki^c = —^Ki^K- Hence Knp|mi = —Kc + Ki,c, and so if Ki equals K\mi + Ki^c for some 
invariant inner product k on g, then —k^^ Im^ + '^^i = (^ + ^c)|mi. 

Thus, we obtain that if /t is an invariant innder product on g whose restriction to rtij 
equals ni—Hi^c for all i = 0, . . . , s, then the restriction of the two-cocycle to /\ ^(Lm) 
is equal to the restriction to /\^(Lm) of the two-cocycle ctk+kc on Lg (corresponding 
to the one-dimensional central extension with respect to the inner product k + Kc on 
g). Therefore the is equivalent to ct^+kc in this case and we obtain that the linear 
map uJ(«,^) : Lq^ d 

loc ™ay be modified by the addition of an element of C^^^^Lq, iqc) 
to give us a Lie algebra homomorphism 

afocCf/(M0,p®F(,^)(m)). 

Now Lemma iA implies that there exists a homomorphism of vertex algebras 

w^^K+..(0)^Mg,p®y(,^)(m). 

This completes the proof. □ 

We will call an fn(K.) -module smooth if any vector in it is annihilated by the Lie 
subalgebra m (8) t^C[[t]] for sufficiently large N. 

Corollary 6.2. For any smooth m(^f^.) -module R with the Ki 's satisfying the conditions 
of Theorem \6. J\ , the tensor product Mg^p R is naturally a smooth 'Qi^j^i^^-module. 
There is a functor from the category of smooth m(^^--j -modules to the category of smooth 
Qi^^i^^-module sending a module R to Mg^p R and m(^i^.-j -homomorphism Ri R2 to 
the Qfj_^fj_^ -homomorphism Mg.p i?i ^ -^s.p ^2- 

We call the gK+K^-module M^^p R the generalized Wakimoto module corresponding 
to R. 

Consider the special case when R is the tensor product of the Wakimoto modules 
Wxi^Ki over m.i,i = 1, . . . ,s, and the Fock representation 7r^° over the Heisenberg Lie 
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algebra mo- In this case it follows from the construction that the corresponding gK+K^- 
module Mgp (g) is isomorphic to the Wakimoto module VFa k+kc over Sk+k^, where 
A = (Ai). 

6.3. General parabolic subalgebras. So far we have worked under the assumption 
that the parabolic subalgebra p contains b_. It is also possible to construct Wakimoto 
modules associated to other parabolic subalgebras. Let us explain how to do this in 
the case when p = b+. We have the involution of g sending to fi and hi to —hi. 
Under this involution b_ goes to b+. 

Let be any module over the vertex algebra Mg(8>7rQ~''''. Then Theorem |5.1| implies 
that the following formulas define a flK-structure on (with K acting as the identity) : 

fi{z) ^ a^^iz) + ^ :P^(a;(z))a^(z): , 

/36A+ 

hi{z) ^ ^ P{hi):a*p{z)af3{z): - bi{z), 

/3GA+ 

Mz) ^ ■.Q'p{a*^{z))ap{z): + {a + {k - Kc){ei, fi)) d^al^iz) + bi{z)a*^^{z), 
/3eA+ 

where the polynomials P^, are introduced in formulas (|1.7D -(|l1|). 

In order to make N into a module with highest weight, we choose as follows. Let 
Mg be the Fock representation of the Weyl algebra generated by a vector |0)' such 
that 

a„_„|0)' = 0, n>0; a^^jO)' = 0, n > 0. 
We take as N the module Mg (g) 

^— 2p— A' whsre ■^^^2^— A ^^(i ttq '^'^~module defined in 



Section |5.2| . It is easy to see that the corresponding g^-module has a highest weight 
vector on which f} 1 acts through the weight A. We denote this module by W^^. This 
is the Wakimoto module corresponding to b-^.. 



The following result will be used in Section 9.3. 



Proposition 6.3. The Wakimoto module Wq^ is isomorphic to the Verma module 



Proof. The proof is analogous to the proof of Theorem |4.8| . Since ^ highest 

weight vector of the same weight as that of the highest weight vector of Mq^kc) there 
is a non-zero homomorphism Mq^kc ~* ^o~kc- characters of Mq^kc ^md W^^^^ 

are equal. Therefore the theorem will follow if we show that W^^^^ is generated by its 
highest weight vector. 

Suppose that W^^^^ is not generated by its highest weight vector. Then there exists 
a homogeneous linear functional on WJ^^^, whose weight is less than the highest weight 
(A, 0) and which is invariant under the Lie subalgebra 

n_ = (n_ (g) 1) © (5 (g) t-^C[t-^]), 

and in particular, under its Lie subalgebra L_n_ = n_ (g C[t^^]. Therefore this func- 
tional factors through the space of coinvariants of Wq kc by L^rx-. But it follows from 



WAKIMOTO MODULES, OPERS AND THE CENTER 



45 



the construction that L_n_ acts freely on Wq^^, and the space of coinvariants is iso- 
morphic to the subspace C[a* ,^]Q,gA+,n<o C[6j^„]j=i^,,,^£;„<o of Wq^^^. Hence we obtain 
that the weight of this functional has the form 

(6.4) -Y,{njS- pj), n, >0, G A+. 

j 

But then Mq^^c must have an irreducible subquotient of highest weight of this form. 
Now recall the Kac-Kazhdan theorem IKKI] describing the set of highest weights 



of irreducible subquotients of Verma modules (see Section O). In the case at hand 
the statement is as follows. A weight fi = (//, n) appears in the decomposition of 
Mq^k^ if and only n < and either fi = or there exists a finite sequence of weights 
^0) • • • ) fJ-m £ f)* such that no = Hm = 0, /Xi+i = iJ,i± rriiPi for some positive roots Pi 
and positive integers rrii which satisfy 

(6.5) 2{fii + p,Pi) = mi{Pi,Pi) 

(here (•, •) is the inner product on [)* induced by an arbitrary non-degenerate invariant 
inner product on g). 

Now observe that the equations ( |6.5P coincide with the equations appearing in the 
analysis of irreducible subquotients of the Verma module over q of highest weight 0. 
This implies that the above statement is equivalent to the following: a weight fl = (/i, n) 
appears in the decomposition of Mq^kc if and only n < and ^ = w{p) — p for some 
element w of the Weyl group of g. But for any the weight w{p) — p equals the 
sum of negative simple roots of g. Hence the weight of any irreducible subquotient of 
Mq^kc has the form —n5 — rriiai, m > 0. Such a weight cannot be of the form ( |6.4D . 
Therefore VFq^^ is generated by the highest weight vector and hence is isomorphic to 



Remark 6.4. The same argument as in the proof of Proposition |6.3| shows that the 
Wakimoto module is isomorphic to M\^^^ if A is such that all weights (/i, n) 

of irreducible subquotients of Mx^k,c satisfy p = X — Y^^miai,mi > 0. Likewise, the 
Wakimoto module Wx^^c is isomorphic to Mx^kc if have p = X + Yli''^i'^iT''^i ^ 
for all such p. □ 



In Section |9.3| we will need one more result on the structure of Wq^^ . Consider the 
Lie algebra b+ = (b+ <g) 1) (g «) tC[[t]]). 

Lemma 6.5. The space of -invariants o/Wq^^ is equal to ttq C Wq^^^. 

Proof. It follows from the above formulas for the action of g^^ on W^^^^ that all vectors 
in TTo are annihilated by b+. Let us show that there are no other b+-invariant vector 

A b+-invariant vector is in particular annihilated by the Lie subalgebra L+n^ = 
n+ (8) iC[[t]]. In the same way as in the proof of Theorem [4.8| we show that the space 
of L+n+-invariants of VFk^,o is equal to the tensor product of ttq and the subspace of 
^o^Kc spanned by all monomials of the form ^o.m^j^) -^^t a b+-invariant 

ms(c)<0 
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vector is also annihilated by f) (8) 1- A monomials of the above form is annihilated by 
f) (g) 1 only if it belongs to ttq. Hence the space of b_|_ -invariants of Wq^^ is equal to 
TTO. ' ' □ 

7. Wakimoto modules over s[2 

In this section we describe explicitly the Wakimoto modules over 5(2 and some in- 
tertwining operators between them. 

Let {e,h,f} be the standard basis of the Lie algebra s[2. Let kq be the invariant 
inner product on s[2 normalized in such a way that KQ{h,h) = 2. We will write an 
arbitrary invariant inner product k on sl2 as kno, where A; G C, and will use k in place 
of K in our notation. In particular, Kc corresponds to k = —2. The set A+ consists of 
one element in the case of 5I2, so we will drop the index a in a^iz) and ^^(z). Likewise, 
we will drop the index i in bi{z), etc., and will write M for M^i^ throughout this section. 
We will also identify the dual space to the Cartan subalgebra [}* with C by sending 
X G r to x{h). 

7.1. The homomorphism wi^. The Weyl algebra A^i^ has generators an,a^,n S Z, 
with the commutation relations 

Its Fock representation is denoted by M. The Heisenberg Lie algebra f)^ has generators 
6„,n G Z, with the commutation relations 

[bn,hm] = 2knK6n-m, 

and ttq is its Fock representation generated by a vector [0) such that 

6„|0) = 0, n>0; K\0) = \0). 

The tensor product M (g) ttq is a vertex algebra. 

The homomorphism Wk ■ Vfc(s[2) — > M ® t^q^"^ of vertex algebras is given by the 
following formulas: 

e{z) I— a{z) 
(7.1) h{z) ^ -2:a*{z)a{z): +b{z) 

f{z) ^ -:a*{zfa{z): + kd^a*{z)+a*{z)b{z). 

The Wakimoto module M (g) vr^^^ will be denoted by Wx^k and its highest weight 
vector will be denoted by vx^k- 

Recall that under the homomorphism the generators of 5I2 are mapped to 
a„ (from now on, by abuse of notation, we will identify the elements of 3(2 with their 
images under Wk)- The commutation relations of 5I2 imply the following formulas 

[e„,a_i]=0, [/i„,a_i] = 2a„_i, [fn,a-i] = -hn-i + k6n,i- 

In addition, it follows from formulas ( |7.lD that 

enV-2,k = anV-2,k =0, n > 0; hnV^2,k = fnV-2,k = 0, n > 0, 

hoV-2,k = -2f-2,fc- 



Therefore 

and 

We also find that 
and 
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en ■ a_iw_2,fc = hn ■ a_iv_2,k = 0, n > 0, 
fn ■ a_iv-2,k = 0, n > 1. 
/i • a-iv_2,k = {k + 2)v_2,k, 



fo ■ a-iv_2,k = a^ifoV-2,k - hoV-2,k 

= -b-iv^2,k = {k + 2)Tv-2,k, 
where T is the translation operator. 

7.2. Vertex operators associated to a module over a vertex algebra. We need 
to recall some general results on the vertex operators associated to a module over a 
vertex algebra, following |FHL], § 5.1. Let y be a conformal vertex algebra V and M 
a y-module. Then there exists a linear map 

Yv,M ■■ M ^Rom{V,M)[[z^% 

satisfying the following property: for any A V, B £ M, C £V, there exists an element 

f eM[[z,w]][z-\w-\{z-w)-'] 

such that the formal power series 

YMiA, z)Yv,m{B, w)C, Yv,MiB, w)Y{A, z)C, 

Yv,m{Yv,m{B, w - z)A, z)C, Yv,MiYiA, z - w)B, w)C 

are expansions of / in 

M((z))(H), M(M)((z)), M((z))((z - w)), M(M)((z - w)), 

respectively (compare with Corollary 3.2.3 of ]FB| ]). Abusing notation, we will write 

Ym{A, z)Yv,m{B, w) = Yv,m{Y{A, z - w)B, w), 

and call this formula the operator product expansion (OPE), as in the case M = V 
when Yv,M = Y (see § 3.3). 

This property implies the following commutation relations between the Fourier co- 
efficients of Y{A,z) and Yv^MiB,w), which is proved in the same way as in the case 
M = V (see PB|, § 3.3.6). If we write 



Ym{A, z) = Y, A(n)z""\ YvMB, w) = Y, ^(n)^-"-', 



then we have 



n>0 

In particular, we obtain that 



(7.3) 



j Yv,m{B, z)dz, Y{A, w) = Yv,M (yj Yv,m{B, z)dz ■ A, 
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7.3. The screening operator. Let us apply the results of Section 7.2 in the case of 
the vertex algebra Wo.A: and its module W-2,k for k ^ —2. Then we find, in the same 
way as in [FB], § 4.2.6, that 

^l4^o,fc,w/_2,fc("-i^-2,fc) = Sk{z) =^ a(z)y_2(^), 

where V^2{z) is the bosonic vertex operator acting from vtq^^ to vr^^'^ given by the 
formula 

,7.4) = T_. exp E ^.-») e.p ^ ^.-») . 

\ n<0 / \ n>0 / 

Here we denote by r_2 the translation operator ttq"^^ ^ '''"^1^^ sending the highest 
weight vector to the highest weight vector and commuting with all bn-,ri ^ 0. 
Now formula ( |7.2| ) implies that the operator Sk{z) has the following OPEs: 

e{z)Sk{w) = reg., h{z)Sk{w) = reg., 

f{z)Sk{w) = — "2 \ hreg. 

[z — w)'^ z — w 

= {k + 2)dj^^^+ieg. 
z — w 

Since the residue of a total derivative is equal to 0, we obtain the following: 
Proposition 7.1. The re.due 5. = J Sk^d^ an rr^ert.^, operator between 
the 5l2-modules Wo^k o.i^d W^2,k- 

We call Sk the screening operator of the first kind for 5l2- 
Proposition 7.2. For k —2 + Q>o the sequence 



^ 14(5(2) ^ Wo,k ^ W_2,k ^ 



is exact. 



Proof. By Proposition Vfc(s(2) is naturally an s[2-submodule of Wo,fc for any value 
of k. The module Vfc(sl2) is generated from the vector Vk, whose image in Wo,fc is the 
highest weight vector. This vector is clearly in the kernel of Sk- Hence 14(5(2) belongs 
to the kernel of Sk- 
in order to prove that 14(3(2) coincides with the kernel of Sk, we compare their 
characters. See Section [4.3| for the definition of the character. We will use the notation 
q = e~^,u = e". 

Since 14(0) is isomorphic to the universal enveloping algebra of the Lie algebra 
spanned by e^, /i„ and /„ with n < 0, we find that 

(7.5) chl4(0) = - - nq^rH^ - u-\^)-\ 

n>0 

Similarly, we obtain that 

-l„n-lN-l 



u 

n>0 
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Thus, chWx^k = chMx^k, where Mx^k is the Verma module over 5(2 with highest weight 
{X,k). Therefore if Mx^k is irreducible, then so is Wx^k- The set of values (A,/c) for 
which Mx^k is irreducible is described in |KK]. It follows from this description that if 
k ^ —2 + Q>o, then M_2,fe, and hence W-2,k, is irreducible. It is easy to check that 
Sk{aoVo,k) = V-2^k, so that Sk is a non-zero homomorphism. Hence it is surjective for 
such values of k. Therefore the character of its kernel for such k is equal to ch Wo,a: — 
chl^_2,fc = ch Vfe(s[2). This completes the proof. □ 

Next, we will describe the second screening operator for 5(2. For that we need to 
recall the Friedan-Martinec-Shenker bosonization. 

7.4. Friedan Martinec Shenker bosonization. Consider the Heisenberg Lie alge- 
bra with the generators pn,qmn G and the central element K with the commutation 
relations 

\Pn,Pm] = n5n-mK, [qn,qm] = -n5n-mK, \Pn,qm] = 0. 

We set 

For A G C, ;U G C, let 11^,^ be the Fock representation of this Lie algebra generated 
by a highest weight vector |A, ^) such that 

Pn\X,fi)=X5nfi\X,fJ.), qn\X, fJ.) = fJ-Sn,o\X, fi) , u > 0] K\X, fj.) = \X, fl) . 

Consider the vertex operators Vx,f_i{z) : ^x',fi' — > nA+A',^t+^' given by the formula 

VxA^) = Ta,..-'--' exp (- 5: ^^^IL±1^A L ^ \ 

\ n<0 ^ / \ n>0 / 

where Tx^^ is the translation operator no,o — ^ ^\,^J, sending the highest weight vector 
to the highest weight vector and commuting with all pn,qn,n 0- 

Abusing notation, we will write these operators as e^'^^'^^ , where u{z) and v{z) stand 
for the anti-derivatives oi p{z) and q{z), respectively, i.e., p{z) = dzu{z),q{z) = dzv{z). 

For Q G C, set 

nez 

Using the vertex operators, one defines a vertex algebra structure on the direct sum Hq 
(with the vacuum vector |0,0)) as in |FB], § 4.2.6. 

The following theorem is due to Friedan, Martinec and Shenker | FMS[ (see also 

EH). 

Theorem 7.3. There is a (unique) embedding of vertex algebras M ^ Hq under which 
the fields a{z) and a*{z) are mapped to the fields 

a{z) = e"+^ a*{z) = (9,e-")e-^ = -:p(z)e-"-'': . 
Further, the image of M in Uq is equal to the kernel of the operator / e^dz. 
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Equivalently, Ho may be described as the localization of M with respect to a_i, i.e., 

(7.6) no ~ M[(a_i)-^] = C[a„]„,<„i ® CK]„<o ® C[{a^it\ 

The vertex algebra structure on IIo is obtained by a natural extension of the vertex 
algebra structure on M. 

Remark 7.4. Under the embedding M ^ IIo the Virasoro vertex operator of M de- 
scribed in Section maps to the following conformal vector in IIq: 

Thus, the map M ^ IIq becomes a homomorphism of conformal vertex algebras if we 
choose these conformal structures. □ 

The above "bosonization" allows us to make sense of the field a(z)°, where a is an 
arbitrary complex number. Namely, we replace a{z)°' with the field 

5(^)" = e°("+^) : Ho ^ U^. 

Now we take the tensor product IIoiS'Trg'''^, where we again assume that k ^ —2. This 
is a vertex algebra which contains M^tTq"''^, and hence Vfc(sl2), as vertex subalgebras. 
In particular, for any a, A G C, the tensor product IIq, (g) vr^"''^ is a module over ^4(5(2) 

and hence over 5\2- We denote it by Wa,x,k- In addition, we introduce the bosonic 
vertex operator 

(7.7) V2(k+2) {z) = T2(fc+2) exp [ - ^ — z"" j exp 

V n<0 ^ J 

A straightforward computation similar to the one performed in Section yields: 
Proposition 7.5. The residue 

Sk = j a{z)-^^^^W2{k+2){z) ■■ Wofl^k W_^k+2),2{k+2),k 

is an intertwining operator between the 5\2-rnodules Wo,o,fc oind VF_(fc_|_2),2(fc+2),fc- 

We call /Sfc, or its restriction to Wq^^ C Wo,o,fc5 the screening operator of the second 
kind for 5(2. This operator was first introduced by V. Dotsenko Q. 

Proposition 7.6. For generic k the 5l2 submodule 1/^(5(2) C Wo^k is equal to the kernel 
of Sk : Wo^k I^-(fc+2),2(fc+2),fc- 

Proof. We will show that for generic k the kernel of Sk ■ VFo,fe — > l^-(fc+2),2(fc+2),fc 
coincides with the kernel of the screening operator of the first kind, Sk : Wo,fc W-2,k- 




This, together with Proposition [7.2| , will imply the statement of the proposition. The 
above two kernels are equal to the intersection of W^^k C Wo^o^fc and the kernels of the 
operators 5^ and Sk acting from 14^,o,fc to l^_(A;+2),2(fc+2),A; and VFq -2,fc, respectively, 
(note that the operator Sk has an obvious extension to an operator VFo,o,fc W^o,-2,A;)- 
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Therefore it is sufficient to show that the kernels of Sk and Sk in VFo.o.fc are equal for 
generic k. 

Now let be the anti-derivative of b{z), i.e., b{z) = dz4>{z). By abusing notation 
we will write V-2{z) = e~^^~^'^'^ and V2[k+2){z) = e*^. Then the screening currents 
Sk{z) and Sk{z) become: 

g^f^^-^ ^ g«+t)-(fe+2)-V(2)^ = ^-(k+2)u-{k+2)v+4, ^ 

Consider a more general situation: let \) be an abelian Lie algebra with a non- 
degenerate inner product k. Using this inner product, we identify f) with fj*. Let i]^ be 
the Heisenberg Lie algebra and vr^, A € t}* — f) be its Fock representations, defined as 



in Section 5T. Then for any x there is a vertex operator V-^{z) : ttq — > vr^ given 




by the formula 

(7.8) V^{z) = exp ( - J] ^zA exp 

V n<0 / 

where the Xn = X®t^ a-i's the elements of the Heisenberg Lie algebra fj^ corresponding 
to X £ 1)*) which we identify with \) using the inner product k. 

Suppose that k(x, x) 7^ 0) and denote by x^ the element of \] equal to —2x/K'{x^ x)- 
We claim that if x is generic (i.e., away from countably many hypersurfaces in f)) then 

the kernels of j V^{z)dz and j V^v{z)dz in ttq coincide. Indeed, each of these kernels 

is equal to the tensor product of the subspace in ttq generated from the vacuum vector 
by elements of which commute with Xn (they span a Heisenberg Lie subalgebra of 
1)k corresponding to the orthogonal complement of x in note that by our assumption 
on X, this orthogonal complement does not contain x) and the kernel of our operator 
on the Fock representation of the Heisenberg Lie algebra generated by Xm^ G ^- But 



the latter two kernels coincide for generic values of k{x,x)j as shown in [FB|, § 14.4.15. 
Hence the kernels of J V^{z)dz and J V^\/{z)dz also coincide generically. 

Our situation corresponds to the 3-dimensional Lie algebra fj with a basis u, v, (j) 
with the following non-zero inner products of the basis elements: 

k(u, u) = — k(v, U) = 1, k((/), (/)) = 2(/c + 2). 
Our screening currents Sk{z) and Sk{z) are equal to V^iz) and V^v(-z), where 

^ = u + y-{k + 2)- V, x^ = -{k + 2)x = -{k + 2)u - {k + 2)v + 0. 
Therefore for generic k the kernels of the screening operators and coincide. □ 

8. Intertwining operators for an arbitrary g 

In this section we construct screening operators between Wakimoto modules over 
for an arbitrary simple Lie algebra g and use them to characterize Vk(s) inside Wo,k. 
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(i) 

8.1. Parabolic induction. Denote by slg the Lie subalgebra of g, isomorphic to 5(2, 
which is generated by ei,hi, and /j. Let p(*) be the parabolic subalgebra of 3 spanned 
by b„ and Cj, and m^*^ its Levi subalgebra. Thus, m^*^ is equal to the direct sum of 5(2 ^ 
and the orthogonal complement ijf' of hi in [). 

We apply to p^*) the results on semi-infinite parabolic induction of Section ^. Accord- 
ing to Corollary we obtain a functor from the category of smooth representations 



of 5(2 © f^i^o' "^ith k and kq satisfying the conditions of Theorem |6.1| , to the category 
of smooth gK+Kc~™odules. The condition on k and kq is that the inner products on 
5[2*^ corresponding to {k + 2) and are both restrictions of an invariant inner product 
{k — Kc) on Q. In other words, (k — Kc){hi, hi) = 2{k + 2) and kq = k\^±. By abuse of 
notation we will write k for kq. If k and k satisfy this condition, then for any smooth 
s[2-module R of level k and any smooth f);^-module the tensor product p(i) ii (g) L 
is a smooth gK+Kc^module. 

In particular, if we choose R to be the Wakimoto module Wx^k over 5I2, and L to 
be the Fock representation vr^^, the corresponding g^^module will be isomorphic to 
the Wakimoto module H^(a,Ao),k+kc' where (A, Aq) is the weight of q built from A and 
Aq. Under this isomorphism the generators aQ,-_„,n G Z, will have a special meaning: 
they correspond to the right action of the elements ei^n of q, which was defined in 



Remark 4.4. In other words, making the above identification of modules forces us to 
choose a system of coordinates {ya}aeA+ on such that p^{ei) = d/dyai (in the 
notation of Section pT^ ), and so w^{ei{z)) = aQ,-(z) (in the notation of Remark 14.4] ). 
From now on we will denote w^{ei{z)) by ef-{z). For a general coordinate system on 
A^_i_ we have 

(8.1) ef (z) = a,,(z) + Pf'{al{z))ap{z) 



+ 



(see formula (|4.1| )). 

Now any intertwining operator between Wakimoto modules Wai,A; and Wx^^k over 
5I2 gives rise to an intertwining operator between the Wakimoto modules W^(Ai,A()).k+kc 
and VF(A2,Ao),re+Kc o'^^^ Qk+kc for any weight Aq of f)^. We will use this fact and the 
SI2 screening operators introduced in the previous section to construct intertwining 
operators between Wakimoto modules over g. 

8.2. Screening operators of the first kind. Let k be a non-zero invariant inner 
product on g. We will use the same notation for the restriction of k to f). Now to any 
X € we associate a vertex operator V^{z) : ttq ^ vr^ given by formula ([7^). For 
K, 7^ we set 

5,«(z) ef {z)VX:^{z) : I^o,. - 
where ef'{z) is given by formula ( |4.1| ). Note that 

(8-2) Si^^{z) = lVo,«,W-c„« {(if-lV-a,,K, z) 

in the notation of Section 17. 2|. 
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According to Proposition 7.1 and the above discussion, the operator 



is induced by the screening operator of the first kind Sk for the ith sb subalgebra, where 



k is determined from the formula {k — Kc){hi,hi) = 2{k + 2). Hence Proposition 7.1 
impUes: 

Proposition 8.1. The operator Si^^ is an intertwining operator between the Q,^ -modules 
Wo,K and W-a^^K for each i = 1, . . . ,£. 

We call S'i^K the ith screening operator of the first kind for g^- 

Recall that by Proposition ^]2| Vk{q) is naturally a gR-submodule and a vertex sub- 
algebra of Wo,K- On the other hand, the intersection of the kernels of Si^^, i = 1, ■ ■ ■ , i, 
is a flK-submodule of VFq.ki by Proposition |8.1|, an d a vertex subalgebra of Wo,k; due to 
formula (|8.2| ) and the commutation relations {\I.3i) . The following proposition is proved 



in FF8 



Proposition 8.2. For generic k, V^(s) is equal to the intersection of the kernels of the 
screening operators Si^^, i = 1, . . . ,i. 

Furthermore, in | FF8|| , § 3, a complex C'{g) of 3K~modules is constructed for generic 



K. Its ith. degree term is the direct sum of the Wakimoto modules Ww(p)-p^K, where 
w runs over all elements of the Weyl group of g of length i. Its 0th cohomology is 
isomorphic to Vk{q), and all other cohomologies vanish. For g = 5(2 this complex has 
length one and coincides with the one appearing in Proposition In general, the 
degree zero term of the complex is Wq^k, the degree one term is 0j=i W-ai,K., and the 
zeroth differential is the sum of the screening operators Si 



In |FF8| it is also explained how to construct other intertwining operators as com- 
positions of the screening operators Si^^- Roughly speaking, the screening operators 
Si^K satisfy the g-Serre relations, i.e., the defining relations of the quantized enveloping 
algebra Ug{n+) with appropriate parameter q. Then for generic k we attach to a sin- 
gular vector in the Verma module M\ over Uq{Q) of weight an intertwining operator 
^A,K — > This operator is equal to the integral of a product of the screening 

currents Si^n{z) over a certain cycle on the configuration space with coefficients in a 
local system that is naturally attached to the above singular vector. 

8.3. Screening operators of the second kind. In order to define the screening 
operators of the second kind, we need to make sense of the series {e^'{z))". So we 
choose a system of coordinates on in such a way that e^{z) = aa^{z) (note that 
this cannot be achieved for alH = !...,£ simultaneously). This is automatically so if 
we define the Wakimoto modules over g via the semi-infinite parabolic induction from 



Wakimoto modules over the ith. subalgebra 5I2 (see Section 8.1). 

Having chosen such a coordinate system, we define the series Oq,. (z)" using the 
Friedan-Martinec-Shenker bosonization of the Weyl algebra generated by aai,n,o,'^^ n) 



n G Z, as explained in Section |7.4 Namely, we have a vertex algebra 
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containing 



M^'^ = C[aa^^n\n<-1 ® C[a*^^J„<o 



and a IIq ■'-module 11^*^ defined as in Section 7.4. We then set 



- -(») 



M, 



This is a 0K-module, which contains VFa,k if a = 0. Note that Wq q is the g-module 

obtained by the semi-infinite parabolic induction from the s[2-module Wo.o,-2- 
Now let P = ^{k — Kc){hi, hi) and define the field 

S.,{z) (ef (z))-^K.v(.) : , ^ ^iS,,„v,,. 

Here = /ij € f) denotes the ith coroot of g. Then the operator Sf^^i = J Si^^i{z)dz is 
induced by the screening operator of the second kind 5^ for the ith s[2 subalgebra, where 



k is determined from the formula (k — Kc){hi, hi) = 2{k + 2). Hence Proposition 7.1 
implies (see also [ PRY | ) : 

Proposition 8.3. The operator S'^^i is an intertwining operator between the q,^ -modules 

Note that Si^^ is the residue of i^y,M((ef^_i)~^'yaV z), where V = WqI ^ and M = 

'^-\l3a^ K (^^^ Section TJl). Therefore, according to the commutation relations (|7.3f ), 

the intersection of kernels of i = 1, is naturally a vertex subalgebra of \ ^ 

or Wo, re- Combining Proposition 8.2 and Proposition we obtain: 

Proposition 8.4. For generic k, Vnid) is equal, as aQ^-module and as a vertex algebra, 
to the intersection of the kernels of the screening operators 

S^,.■.Wo,^^W^lf,^^^^, i = !,...,£. 

One can use the screening operators Si^^ to construct more general intertwining 
operators following the procedure of [ FF8 |. 

8.4. Screening operators of second kind at the critical level. Now we define the 
limits of the intertwining operators Si, 1^ as K ^ ^c* 

First we consider the case when q = 5I2. Denote P = k + 2. In order to define the 
limit of S'fc as /3 — > (i.e., k —2) we replace Wo,o,fc and W-i3^2i3,k by their tensor 
products with C[/3^^] (still denoted by the same symbols) and define C[/3]-lattices in 
them which are preserved by S^- These lattices are spanned over C[/3] by the monomials 
in bn,Pn,Qn,n < 0, applied to the highest weight vectors. 

Consider first the expansion of ^2/3(2;) in powers of /? with respect to the above lattice. 
Recall that 

[bn,bm] = 2j3n5n-m- 
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Let US write V2p{z) = Yln&z^wV'\^~^ ■ ^^^^ identify -K^p and ttq with vr*^ = 

C[6_m]m>o in the limit /3 — > 0. Introduce the operators T^[n],n < 0, via the formal 
power series 

6_ 



Yv[n]z-'' = exp ( ^z'" 

n<0 \m>0 / 



Using formula (7.7), we obtain the following expansion of V2/3[n]: 

T[n] n<0, 
''^^^"^^^ -2/3E.,o^H^ + /?%..), n>0. 



We denote the /3-linear term of V2i3[n\,n > 0, by V[n]. 

Next, we consider the expansion of 0(2;)"^ = e~'^^"+'"^ in powers of /3. Let us write 
a{z)~^ = In the limit /? ^ we will identify n_^ with IIq. Then we 

find that 

\l + l3{...), n = 0, 
I, n 

The above formulas imply the following expansion of the screening operator S^'- 
S,=P lv[l] + ^ -V[-n + l]ipn + qn)]+ PH- ■ .)• 

Therefore the leading term of 5*^ at A: = —2 is the operator 
(8.3) S F[l] + ^V[-n + l]{pn + Qn), 

n>0 

acting on Wo,o,-2 = Hq ^ It follows from the construction that 5 commutes with 
the 5(2-action on Wo,o,-2- 

It is possible to express the operators 

= -{Un+Vn), n>0, 

n 

in terms of the Heisenberg algebra generated by am,(i'!^,m G Z. Namely, from the 
definition a{z) = e""*"^ it follows that u{z) + v{z) = loga(z), so that the field u{z) + v{z) 
commutes with a{w), and we have the following OPE with a*{w): 



{u{z) + v{z))a*{w) = — ^ — a{w) + reg 



z — w 



Therefore, writing a{z) ^ = o(-z)[„|z we obtain the following commutation 

relations: 

(8.4) ,a„ = —a(z), , ,1, n > 0. 
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Using the realization ( |7.6|) of Ho, the series a{z) ^ is expressed as foUows: 

-1 

^.5) a{zr' = (a_i)-i I 1 + (a_i)-i Yl 

where the right hand side is expanded as a formal power series in positive powers of 
(a_i)^^. It is easy to see that each Fourier coefficient of this power series is well-defined 
as a linear operator on Ho. 

The above formulas completely determine the action of {pn + Qn)/^, n > 0, and hence 
of S, on any vector in VFo,-2 = Hq (SD tt^- Namely, we use the commutation relations 
( ^^ ) to move {pn + Qn)/n through the a^'s. As the result, we obtain Fourier coefficients 
of a{z)~^ , which are given by formula ( ^.5[ ). Applying each of them to any vector in 
Wo-2, we always obtain a finite sum. 

This completes the construction of the limit S of the screening operator 5^ as A; — s- —2 
in the case of 5(2. Now we consider the case of an arbitrary q. 

The limit of S'j. by definition the operator Si on W^l obtained 

from S via the functor of semi- infinite parabolic induction. Therefore it is given by the 
formula 



(8.6) 



Si = Vi[l] + V -Vi[-n + l](pi,„ + Qi^n) 



?i>0 



Here Vi[n\ : ir^ ^ ir^ are the linear operators given by the formulas 



■7) 



n<0 



n z 



exp 




m<0 

where D^. ^ denotes the derivative in the direction of bi^m given by the formula 



and (a^/) is the Cartan matrix of q (it is normalized so that we have D^- ^ - bi^n = 25^ 
The operators {pi^n + <li,n)/n acting on Hg^ are defined in the same way as above. 



Thus, we obtain well-defined linear operators Si : Wq^^c ~* 



0,0,Kc' 



By construction, 

they commute with the action of on both modules. It is clear that the operators 
Si, i = 1, . . . ,i, annihilate the highest weight vector of Wo,kc- Therefore they annihilate 
all vectors obtained from the highest weight vector under the action of q^^, i.e., all 
vectors in Vk^{q) C VFo.kc- Thus we obtain 



Proposition 8.5. The vacuum module Vi^^{q) is contained in the intersection of the 
kernels of the operators Si : Wo,k^ —>■ Wq^ ^ ,i = 1, . . . ,£. 
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9. Description of the center of Kcls) 



In this section we use Proposition 8^ to describe the center of V^^iQ)- Recall from 
|FB], § 4.6.2, that the center of a vertex algebra V is by definition its commutative 
vertex subalgebra spanned by all vectors v ^ V such that Y{A, z)v € for all 

A £ V. In the case when V = V^(g), the center is equal to the space of invariants of 



the Lie subalgebra L+g = of g^- According to Lemma 17.4.1 of |FB[| , it is trivial, 
i.e., equal to the span of the vacuum vector k Kc- So let us consider the center 
of Vk^(s), which we denote by 3(0). 



9.1. The center of V^^Xq) Wakimoto modules. Recall that by Proposition [57 
the homomorphism w^^ ■ Vk^{q) ^ 1^o,kc is injective. The vertex algebra VKcid) 
contains the commutative subalgebra 3(5), its center. On the other hand, Wo,kc = 
Mg (8) ttq contains the commutative subalgebra ttq, which is its center. 

Lemma 9.1. The image 0/3(5) C Vk^(s) in W^^o under is contained in ttq C 
Proof. Observe that the lexicographically ordered monomials of the form 

(9-1) n n n 

nr(a)<0 m^(a)<0 '^t{i)<0 

where the e^^'s are given by formula ( [l.lD , form a basis of Wo^^c- The image of any 
element of 3(g) in W^^^ is an L+g-invariant vector. In particular, it is annihilated 
by L+n+ = n+[[t]] and by f). Since -Z>+n+ commutes with and the space of 
-L+n+-invariants of W^^fi is equal to the tensor product of the subspace Mg^_ of Wo,kc 
spanned by all monomials (p]^) not containing a* „, and the space of L+n+~invariants in 



Mg^+ = C[a* „]ogA+,n<o- According to Section |3.3|, Mg^+ is an L+g-module isomorphic 



to Coind^^^ C. Therefore the action of L^n^ on it is co-free, and the space of L+n+- 
invariants is one-dimensional, spanned by constants. 

Thus, we obtain that the space of L+n+-invariants in Wo.kc is equal to Mg^_. How- 
ever, its subspace of P)-invariants is the span of the monomials ( |9.1D , which only involve 
the binS, i.e., ttq C Wqkc- This completes the proof. □ 



Using Proposition 8.5, we now obtain that 3(g) is contained in the intersection of 
the kernels of the operators Si,i = !,...,£, restricted to ttq C VFq.kc- according to 
formula (|8.6D , the restriction of Si to ttq is nothing but the operator Vi[l\ : ttq — > ttq 
given by the formula 

(9.2) F,[i] = - j;F,NDb__, 

m<0 

where Vi [m] , . ^_-^,m < 0, are given by formulas ( |8.7D and ( p.8D , respectively. There- 
fore we obtain the following 

Proposition 9.2. The center 3(0) of V^c(s) ^-^ contained in the intersection of the 
kernels of the operators Vi[l],i = 1, . . . , i, in ttq. 
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We now show that 3(0) is actually equal to the intersection of the kernels of the 
operators Vi[l],i = 1, . . . , i. 

9.2. The associated graded of 3(0). The gKc~™odule Vk^{q) has a natural filtration 
induced by the Poincare-Birkhoff-Witt filtration on the universal enveloping algebra 
^(flftc)) the action of preserves this filtration. Furthermore, it is clear that the 
associated graded space gryK^(0) is isomorphic to 

Sym0((t))/0[[t]]^Fun0[[t]], 

where we use the following (coordinate-dependent) pairing 

(9.3) {A ® f{t),B ® g{t)) = KiA, B) Res f{t)g{t)j, 

and K, is an arbitrary fixed non-degenerate inner product on 0. 

Recall that 3(0) is equal to the space of 0[[t]]-invariants in Vn^iQ). The symbol of a 
0[[t]] -invariant vector in Vk^(0) is a 0[[t]] -invariant vector in gr Vk^(0), i.e., an element 
of the space of 0[[t]]-invariants in Fun0[[t]]. Hence we obtain an injective map 

(9.4) gr3(0)--(Fun0[M])9[Ml. 

In order to describe the space (Fun0[[t]])s[[*]], recall that (Fun0)9 is a polynomial 
algebra in generators Pi, i = 1, of degrees dj + 1, where di is the ith exponent of 

0. Each Pi is a polynomial in the basis elements J"" of (considered as linear functionals 
of via the inner product k) . Substituting the generating functions 

n<0 

of the basis elements of t^^0[t^^] into Pi instead of the J"'s, we obtain a generating 
series 

P^{r{t)) = ^P^,nt'' 
n>0 

of elements of Fun0[[t]]. Clearly, its coefficients is 0[[t]] -invariant. Furthermore 
we have the following result due to Beilinson and Drinfeld, |BD1|, § 2.4.1. For reader's 
convenience, we reproduce the proof (see also [@, Appendix, Prop. A.l): 

Proposition 9.3. The algebra (Fun0[[t]])s[Wl is the free polynomial algebra in the 
generators Pi^n, i = 1, . . . , ^; n > 0. 

Proof. Let G be the connected simply-connected algebraic group with the Lie algebra 
0. Then the space of 0[[t]] -invariants in Fun0[[t]] coincides with the space of 
invariants in Fun0[[t]]. 

Recall that given an algebraic variety X, we denote by JX its infinite jet scheme, as 
defined in [|FB| ], § 8.4.4 (see also Q, where the notation X^o is used). In particular, 
J0 = 0[[t]] and JG = G[[t\]. 

Let 0reg be the smooth open subset of consisting of regular elements. It is known 
that the morphism 

X ■■ 0reg ^ y := Spec(Fun0)0 = SpecC[Pi, ...,Pe] 
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is smooth and surjective (see [Ko|). Therefore the morphism 

is also smooth and surjective. 

Consider the map a : Gx greg — >■ Sreg x greg defined by the formula a{g, x) = {x,g-x). 

The map a is smooth, and since G acts transitively along the fibers of X) it is also 
surjective. Hence the corresponding map of jet schemes Ja : JGxJq^cr — > <^0reK x «^0reg 

is surjective. Given two points 1/1,2/2 in the same fiber of Jx, let {h,yi) be a point in 
the (non-empty) fiber {Ja)~^{yi,y2)- Then y2 = h ■ yi. Hence JG acts transitively 
along the fibers of the map Jx- This implies that the ring of JG-invariant functions 
on Jgreg is equal to C[Pi^rn, P£,m]m>o- Because Qreg is an open dense subset of g, we 
obtain that Jg^eg is dense in Jg, and so any JG-invariant function on Jg is determined 
by its restriction to Jgreg- This proves the proposition. □ 

We have an action of the operator Lq = —tdt on Fung[[t]]. It defines a Z-gradation 
on Fung[[t]] such that deg = — n. Then degPi^^ = + n + 1, and we obtain the 
following formula for the character of (Fun g[[t]])9[W] (i-e., the generating function of its 
graded dimensions): 

e 

(9.5) ch(Fung[[t]])9[W] =[] J] (1 - 

i=l ni>di+l 

9.3. Computation of the character of 3(g). We now show that the map (|9.4|) is an 



isomorphism using Proposition 6.3 



Consider the Lie subalgebra b+ = (b^ (8) 1) ® (g (81 iC[[f]]) of g[[t]]. The natural 
surjective homomorphism Mq^kc ~^ ^Kcid) gives rise to a map of b+-invariants 

Both Mq.k^ and Vi^^{q) have natural filtrations which are preserved by the homomor- 
phism between them. Therefore we have the corresponding map of associated graded 

</)ci: (grMo,.J^+ ^(grK.(0))'+. 

Since ^^^(g) is a direct sum of finite-dimensional representations of the constant subal- 
gebra gC^l of g[[t]], we find that any b^-invariant in Vk^{q) or grVK^{Q) is automatically 
a g[[t]] -invariant. Thus, we have 

K.(0)^+=K.(0)«"*", 
(grK,(g))^+ = (grl4,(g))0[Wl =C[Pi,™,...,P£,^]„>o. 
We need to describe {gr MQ^f^J^+ . First, observe that 

grMo,«, = Symg((t))/b+ ~ FunK^T^^ 

where 

n^+^^ = (n+®t-i)®g[[t]], 
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and we use the pairing ( ^ ) on Q{{t)). In terms of this identification, the map (pel 
becomes a ring homomorphism 

Funn^T^^ Fun0[[t]] 

induced by the natural embedding g[[t]] ^ 

We construct b+-invariant functions on in the same way as above, by substi- 

tuting the generating functions J'^(i) into the Pj's. However, now J'^{t) has non-zero 
coefficients if the inner product of J" with n+ is non-zero. Therefore the resulting 
series Pi{J°'{t)) will have non-zero coefficients Pi^m ™- front of t"^ if and only if m > — dj. 
Thus, we obtain a natural inclusion 

C[Pi,m^i=i,...Am,>-d, C (FunH5:'V+- 
Lemma 9.4. This inclusion is an equality. 

Proof. Let n+ = (n+(8)l)0tg[[t]] = tn^ ^\ Clearly, the spaces of b+~invariant functions 
on and n+ are isomorphic, so we will consider the latter space. 

Denote by n!^^ the intersection of n+ and Jflreg = Sreg ® ^0 [[*]]• Thus, ri^^ = n!^^ © 
where n"^^ = n+ n g^eg is an open dense subset of n+, so that n"^^ is open and 
dense in n+ . 

Recall the morphism Jx '■ JQvcg J"? introduced in the proof of Proposition |9^. It 
was shown there that the group JG = G[[t]] acts transitively along the fibers of Jx- 
Let i?+ be the subgroup of G[[t]] corresponding to the Lie algebra b+ C Q[[t]]. Note 
that for any x G ry^^, the group S+ is equal to the subgroup of all elements g of G[[t]] 
such that g ■ X £ n^^. Therefore acts transitively along the fibers of the restriction 
of the morphism Jx to n"^^. 

This implies that the ring of -invariant (equivalently, b+-invariant) polynomials 
on n^^^ is the ring of functions on the image of n^^^ in JT under the map Jx- But it 
follows from the construction that the image of n'^^ in JT is the subspace determined by 
the equations Pi^m = 0,i = 1, m > 0. Hence the ring of b+~invariant polynomials 
on n'^^ is equal to C[Pj^m]i=i,.../;m>o- Since n^^^ is dense in n+, we obtain that this 

is also the ring of invariant polynomials on n+. When we pass from n+ to ^\ we 
obtain the statement of the lemma. □ 

Corollary 9.5. The map (pci is surjective. 

Since degPj^m = di + m + l, we obtain the character of (grMo^Kc)^^ = (Funn^ ^^)^+: 

ch(grMo,.j'^+= 11(1 -qn-'- 

Now recall that by Theorem |6.3| , the Verma module -Mq^r^ is isomorphic to the 
Wakimoto module Wq~^^. Hence {Mq^i^J^+ = (W^i^J^+. In addition, according to 
Lemma 3^ we have (W^i^J^+ = ttq, and so its character is also equal to (1 — q^' 



1 — ( 

m>0 
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Therefore we find that the natural embedding 

gr(Mo''X)--(grMo,.J~^+ 
is an isomorphism. Now consider the commutative diagram 

gr(Mo^t ) > gr(K.(0)«[Wl) 



(grMo,«j''+ > (grK.(0))0[Wl. 

It follows from the above discussion that the left vertical arrow is an isomorphism. 



Moreover, by Corollary 3.5 the lower horizontal arrow is surjective. Therefore we 
obtain an isomorphism 

In particular, this implies that the character of gr3(0) = gr(VKc(0))^^'*'^ is equal to that 
of (gr V"kc(0)^"*11) given by formula (|9^ . Thus we find that 



(9.6) ch3(0)=n n 

i=l ni>di+l 

9.4. The center and the classical W— algebra. According to Proposition |9.2|, 3(g) 
is contained in the intersection of the kernels of the operators ^ = !> • • • > ^! on vrQ. 

Now we compute the character of this intersection and compare it with the character 
formula (|9.6| ) for 3(g) to show that 3(0) is equal to the intersection of the kernels of the 
operators Vi[l]. 

First, we identify this intersection with a classical limit of a one-parameter family of 
vertex algebras, called the W-algebras. The W-algebra W^{g) associated to a simple 
Lie algebra g and an invariant inner product on g is defined via the quantum Drinfeld- 



Sokolov reduction in [FB|, Ch. 14. It is shown there that W,y{g) is a vertex subalgebra 
of ttq, which for generic values of v is equal to the intersection of the kernels of screening 
operators. 

More precisely, consider another copy of the Heisenberg Lie algebra introduced 
in Section |5.1| . To avoid confusion, we will denote the generators of this Heisenberg 
Lie algebra by bi^„. We have the vertex operator V^^.{z) : ttq — >■ vr!l„. defined by 
formula (|7^, and let V^^^Jl] = I ^-ai{z)dz be its residue. We call it the W-algebra 
screening operator (to distinguish it from the Kac-Moody screening operators defined 
above). Since V_^^^{z) = y^i^ ,^1^^ (z) (in the notation of Section |7.2| ), we obtain that 

the intersection of the kernels of V^^. [1], z = 1, . . . , £, in ttq is a vertex subalgebra of vtq . 



By Theorem 14.4.12 of [FB|, for generic values of the W-algebra Wjy(g) is isomorphic 
to the intersection of the kernels of the operators yj;'^. [1], i = 1, . . . , ^, in ttq . 

Now we consider the limit when v ^ 00. We fix an invariant inner product on 
g and denote by e the ratio between fo and v. We have the following formula for the 
zth simple root G f)* as an element of f) using the identification between f)* and f) 
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induced hy u = VQ/e: 

2 , 

iyo{hi, hi) 

Let 

(9-7) K = € b,,^. 

uo{hi,hi) 

Consider the C[e]-lattice in ttq (g)C[e] spanned by all monomials in h[ ^, i = 1, . . . , i; n < 
0. We denote by tto^^o the specialization of this lattice at e = 0; it is a commutative 
vertex algebra. In the limit e ^ 0, we obtain the following expansion of the operator 

where the dots denote terms of higher order in e, and the operator V,j[l] acting on iro,uo 
is given by the formula 

(9.8) V,[l] = ^V,HDb;__^, 

m<0 

where 

i,n 

{ttij) is the Cartan matrix of g, and 

5:v.Nz--=exp(-5:%^.-). 

n<0 \ m>0 / 

The intersection of the kernels of the operators Vj[l],i = 1,. . . ,i, is a commutative 
vertex subalgebra of ttq^^q , which we denote by (g) and call the classical W-algebra 
associated to g and vq. Note that the structures of commutative vertex algebra on ito,uo 
and Wj,q(0) and the operators Vj[l] are independent of the choice of i'q. However, as 
we will see below, both ttq^uq and W^/q (g) also carry vertex Poisson algebra structures, 
and those structures do depend on fg. 

Now let us look at the W-algebra Wi,g(^g), attached to the Langlands dual Lie 
algebra whose Cartan matrix is the transpose of the Cartan matrix of g. Comparing 
formulas ( |9.2| ) and (^), we find that if we make the substitution bi^n ^ then 
operator Vi[l] attached to g becomes the operator Vj[l] attached to ^g. Therefore the 
intersection of the kernels of the operators = !,...,£, attached to a simple Lie 

algebra g is isomorphic to the intersection of the kernels of the operators Vi[l],i = 
attached to ^g, i.e., to W^g(-^g). 

We need to show that the character of Wj^(,(^g) is given by the right hand side of 
formula ( |9.6|). T his may be done in several ways. One of the possible ways is presented 



in Section |ll.2| below. Another possibility is to use the results of [ FF7 |. According to 



| FF7|| , Prop. 2.2.8, the operators Vj[l], i = 1, . . . ,i, satisfy the Serre relations of g, and 



so they generate an action of the Lie algebra n+ on ttq^uq- Moreover, by |lFF7| , Prop. 
2.4.6, the action of n+ on ttq^uo is co-free, and this enables us to compute the character 
of W,yQ(''"g). The result is that the character of WjyQ(^g) is given by the right hand side 
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of formula ( |9.6| ) (see [ FF7 |, Prop. 2.4.7). Hence we obtain that the character of the 
intersectfon of the kernels of the operators ^^[l],^ = is equal to the character 

of 3 (g) . Therefore 3 (q) is isomorphic to the intersection of the kernels of the operators 
i = Thus, we obtain the following result. 

Theorem 9.6. The center 3(3) is isomorphic to the intersection of the kernels of the 
operators Vi[l],i = I, . . . on iro^iy^, and to the classical -algebra W,yg(^g). 
The natural map gr3(5) —> (gr Vk^(0))^[W] is an isomorphism. 

The theorem implies in particular that for each generator Pi^ of (gr ^^^(fl))^^'*'^ there 
exists an element Si of ^^^(s)^'^*^' whose symbol is equal to Pi^. Moreover, we have 

3(0) = ^[Sf''^]i=l,...,t,n>ld, 

where sf^^ = T^Si, and we use the commutative algebra structure on 3(g) which comes 



from its commutative vertex algebra structure (see [FB], § 1.4). Note that the symbol 

of S*!"^ is then equal to n!Pj^„. 

For example, the vector S*!, which is unique up to a scalar, is the Segal-Sugawara 
vector 

(9.9) 5i = i^J^iJ,,_i^;«,, 

a 

where {Ja\ is the basis of g dual to the basis {J"} with respect to a non-degenerate 
invariant inner product. Explicit formulas for other elements Si^i > 1, are unknown in 
general (see however 0, p"W |). 



We note that the center 3(g) may be identified with the algebra of g^c-endomorphisms 
of Vk^{q). Indeed, a g[[i]] -invariant vector x € ^^^(g) gives rise to a non-trivial endo- 
morphism of V, which maps the highest weight vector v^^ to x. On the other hand, 
given an endomorphism e of ^^^(g), we obtain a g[[t]] -invariant vector e{v). It is clear 
that the two maps are inverse to each other. Now let xi and X2 be two g[[t]] -invariant 
vectors in ^^^(g). Let ei and 62 be the corresponding endomorphisms of ^^^(g). Then 
the image of v under the composition 6162 equals ei(x2) = X2X1, where in the right 
hand side we use the product structure on 3(g). Therefore we find that as an algebra 
3(g) is isomorphic to the algebra Endg^^ K^cls) with the opposite multiplication. But 
since 3(g) is commutative, we obtain an isomorphism of algebras 

3(g)=^End^^^K.(s). 

9.5. The vertex Poisson algebra structure. In addition to the structures of com- 
mutative vertex algebras, both 3(g) and W^^{g) also carry the structures of vertex 



Poisson algebra. For the definition of vertex Poisson algebra, see, e.g., [FB|, § 15.2. In 



particular, we recall that to a vertex Poisson algebra P we attach a Lie algebra 

Lie(P) = P(g)C{{t))/ Im(T (S) 1 + I ® dt) 



(see ggi, § 15.1.7). 



According to Proposition 15.2.7 of [FB|, if is a one-parameter family of vertex 



algebras, then the center Z{Vo) of Vq acquires a natural vertex Poisson algebra structure. 
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Namely, at e = the polar part of the operation Y, restricted to Z{Vq), vanishes, so we 
define the operation Y- on Z{Vo) as the e-linear term of the polar part of Y. 

Let us fix a non-zero inner product kq on g, and let e be the ratio between the inner 
products K — Kc and kq- Consider the vertex algebras ^^(g) as a one-parameter family 
using e as a parameter. Then we obtain a vertex Poisson structure on 3(0), the center 
of Vkc(0) (corresponding to e = 0). We will denote 3(0), equipped with this vertex 
Poisson structure, by 3(0)ko- 

Likewise, we obtain a vertex Poisson structure on tto^kq by considering the vertex 
algebras tTq"*^" as a one-parameter family with the same parameter e, in the same way 
as in Section |9.4 The corresponding vertex Poisson structure on ttq^ko is uniquely 
characterized by the Poisson brackets 

{&i,n) bj^m} — nKo[hi, hj)6n,—m- 

Recall that the homomorphism Wf^^ : V^^ (0) — > Wq^^c = M ttq may be deformed to 
a homomorphism Wk '■ V'k(0) — > ^o,k = M (8> ttq"'^". Therefore the e-linear term of the 
polar part of the operation Y of ^^(0), restricted to 3(0), which is used in the definition 
of the vertex Poisson structure on 3(0), may be computed by restricting to 3(0) C ttq 
the e-linear term of the polar part of the operation Y of vtq"'^'' C VFo,k- But the latter 
defines the vertex Poisson structure on 7ro,Ko- Therefore we obtain the following 

Lemma 9.7. The embedding 3(0)ko ^ '^o,ko ^-^ ^ homomorphism of vertex Poisson 
algebras and the corresponding map of local Lie algebras Lie(3(0)Ko) ^ Lie(7ro,Ko) ^-5 o. 
Lie algebra homomorphism. 

On the other hand, it follows from the definition of the classical W-algebra 'W,yg{^Q) 
that it also carries a vertex Poisson algebra structure. The isomorphism of Theorem |9.6| 
preserves the vertex Poisson algebra structures in the following sense. 

Note that the restriction of a non-zero invariant inner product kq on to f) defines a 
non-zero inner product on f)*, which is the restriction of an invariant inner product Kq 
on ^0. To avoid confusion, let us denote by 7ro(0)Ko and '^o{^q)k'^ the classical limits 
of the Heisenberg vertex algebras for and ^0, respectively, with their vertex Poisson 
structures corresponding to kq and Kq, respectively. We have an isomorphism of vertex 
Poisson algebras 

« : 7ro(0)Ko ^o(^0)«;;^, 

fei.n g'^^ -b^,n G^f), 

where ^ is given by formula (^]^) . The restriction of the isomorphism i to the 
subspace C\i<i<e Ker Vi[l] of vro(0)Ko gives us an isomorphism of vertex Poisson algebras 

Pi KerFi[l] ~ fl KerVHl], 

i<i<e i<«<^ 
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where by VV[1] we denote the operator ( |9.8| ) attached to ^g. RecaU that we have the 
following isomorphisms of vertex Poisson algebras: 



3(?)~ fl Kery,[l], 

l<i<£ 

W,v(^0)=. fl KerV^l]. 



i<i<e 

Therefore we obtain the following strengthening of Theorem |9.6| : 

Theorem 9.8. The center ^(g^Ko is isomorphic, as a vertex Poisson algebra, to the 
classical W-algebra W^v(-^g). The Lie algebras Lie(3(g)Ko) and Lie(W^v(^g)) are also 
isomorphic. 

9.6. Aut 0— module structures. Both 3(0)ko '^n'^^i^d) carry actions of the group 
Aut and the isomorphism of Theorem |9.8| intertwines these actions. To see that, we 
describe the two actions as coming from the vertex Poisson algebra structures. 

In both cases the action of the group Aut is obtained by exponentiation of the 
action of the Lie algebra Der 0. In the case of the center 3(0)^0) the action of Der is 
the restriction of the natural action on V^^{g) which comes from its action on Qi^zc (find 
preserving its Lie subalgebra ^[[t]]) by infinitesimal changes of variables. But away from 
the critical level, i.e., when n ^ Kc, the action of Der is obtained thtough the action 
of the Virasoro algebra which comes from the conformal vector s^ given by formula 
( ^.3| ) which we rewrite as follows: 

Sk = il, 

where Si is given by formula (|9.9D and kq is the inner product used in that formula. 
Thus, the Fourier coefficients s^ („),n > —1, of the vertex operator 

y(s«,z) = ^s«^(„)z~""^ 

generate the Der 0-action on V^(0) when Kc- 

In the limit k — > k^, we have s^ = e~^5i, where as before e = -. Therefore the 

action of Der is obtained through the vertex Poisson operation y_ (defined as the 



limit of times the polar part of Y when e ^ 0, see [FB|, § 15.2) on 3(3) applied 
to S\ G 3(5)- In other words, the Der 0-action is generated by the Fourier coefficients 
'S'i,(n))'^ ^ Oi of the series 



n-l 

n>0 



(n)^ 



namely, L„ 1-^ •S'^n). Thus, we see that the natural Der 0-action (and hence Aut 0- 
action) on 3(g) is encoded in the vector S\ € 3(0) through the vertex Poisson algebra 
structure on 3(0). Note that this action endows 3(0) with a quasi-conformal structure 
(see Section |5.4| ). 

Likewise, there is a Der 0-action on W^v (^0) coming from its vertex Poisson algebra 
structure. The vector generating this action is also equal to the limit of a conformal 
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vector in the quantum W-algebra 'Wui^Q) as — s- oo. This conformal vector is unique 
because as we see from the character formula for Wiy^^g) given in the right hand side 
of ( |9.6D the homogeneous component of 'Wjy(^g) of degree two (where ah conformal 
vectors live) is one-dimensional. The limit of this vector as — > oo gives rise to a 
vector t in W^v('^0) such that the Fourier coefficients of Y-{t,z) generate a Der 0- 
action on W^v(^g) (in the next section we will explain the geometric meaning of this 
action). Since such a vector is unique, it must be the image of 5i G 3(g) under the 
isomorphism 3(g) ~ W^v(^g). This implies the following result. 



Proposition 9.9. The isomorphism Theorem \9. q intertwines the actions o/Der and 
Auto on 3(g) and W^v(^g). 



We have already calculated in formula ( |5.3|) the image of in VFq^k when k 7^ Kc- By 
passing to the limit k ^ Kc'we find that the image of Si = es^ belongs to 7ro(g)Ko C Wo,k 
and is equal to 



1 



" i=l 

where {bi} and are dual bases with respect to the inner product kq used in the 
definition of 5i, restricted to f), and p is the element of f) corresponding to p G f)* 



under the isomorphism [)* ~ induced by kq. Under the isomorphism of Theorem 9.8, 



this vector becomes the vector t € t^o{ q)k^^ — ^o(0)ko) which automatically lies in 
^^^(■^g) C t^o{^q)k'^ and is responsible for the DerO action on it. 

The action of the corresponding operators Ln € Der 0, n > —1, on vro(g)Ko is given by 
derivations of the algebra structure which are uniquely determined by formulas ( ^.11 ). 
Therefore the action of the L„'s on W^v(-^g) is as follows (recall that bi^n ' — ^ — b^ 

Ln ■ h[,m = -"ib^,n+m> -1 < n < -TU, 

(9.10) Ln ■H_^ = -n, n > 0, 



Ln ■ b-.m = 0, n> -m. 



10. Opers and Miura opers 



In this section we introduce opers, (generic) Miura opers and a natural map between 
them. We will then show in the next section that the corresponding rings of functions 
are isomorphic to WjyQ(g) and t^o{q)vq-, respectively, and the corresponding homomor- 
phism W^Q(g) t^o{q)uo is the embedding constructed in Section p.4| . In other words, 
the ring of functions on opers is isomorphic to the subring of the ring of functions on 
generic Miura opers equal to the intersection of the kernels of the screening operators 
V,[l],i = l,...,l 

10.1. Opers. Let G be a simple algebraic group of adjoint type, B a Borel subgroup 
and N = [B^B] its unipotent radical, with the corresponding Lie algebras n C b C g. 
There is an open S-orbit O C /h C g/b, consisting of vectors which are stabilized 
by the radical N G B, and such that all of their negative simple root components, 
with respect to the adjoint action oi H = B/N, are non-zero. This orbit may also be 
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described as the S-orbit of the sum of the projections of simple root generators fi of 
any nilpotent subalgebra n_, which is in generic position with b, onto g/b. The torus 
H = B/N acts simply transitively on O, so O is an H-toisoi. 

Suppose we are given a principal G-bundle on a smooth curve X, or on a disc D = 
Spec 0, or on a punctured disc = Spec3C (here we use the notation of Section [4.4| ), 
together with a connection V (automatically flat) and a reduction 3^b to the Borel 
subgroup B of G. Then we define the relative position of V and 3^b (i-e., the failure of 
V to preserve 3^b) as follows. Locally, choose any flat connection V' on 9" preserving 
S^Bt and take the difference V — V. It is easy to show that the resulting local sections 
of (fl/b)^-^ ®^ are independent of V, and define a global (g/b)^-^ -valued one-form on 
X, denoted by V/3'b. 

Let X be as above. A G-oper on X is by definition a triple {S','V ,3^b), where 3^ is 
a principal G~bundle on X, V is a connection on J" and 3^b is a i? -reduction of 3", 
such that the one-form V/J's takes values in Ogr^ C (0/b)g-g. 



This definition is due to A. Beilinson and V. Drinfeld pPl ] (in the case when X is 



the punctured disc opers were introduced in [ pS| |). Note that O is C^-invariant, so 
that O (gi is a well-defined subset of {Q/b)jrg fi. 

Equivalently, the above condition may be reformulated as saying that if we choose 
a local trivialization of 9^b and a local coordinate t then the connection will be of the 
form 

e 

(10.1) ^ = dt + Y,Mt)fi + ^{t), 

1=1 

where each ipi{t) is a nowhere vanishing function, and v(t) is a b-valued function. 
If we change the trivialization of Hb, then this operator will get transformed by the 
corresponding gauge transformation. This observation allows us to describe opers on a 
disc D = Spec in a more explicit way. 

Let us choose a coordinate t on D, i.e., an isomorphism ~ C[[t]]. Then the space 



Opq{D) of G-opers on D is the quotient of the space of all operators of the form ( |10.1 ), 



where il^iit) £ C[[t]],ipi{0) 7^ 0, i = 1, . . . , and v(i) G b[[t]], by the action of the group 
B[[t]] by gauge transformations: 

g-{dt + A{t)) = dt+ gA{t)g-' - g-'dtg. 

Since the i?-orbit O is an i?-torsor, we can use the ff-action to make all functions 
ipiit) equal to 1. Thus, we obtain that Opq{D) is equal to the quotient of the space 
OpQ (D) of operators of the form 

e 

(10.2) v = 5i + j;/i + v(t), v(i)Gb[[i]], 

i=l 



by the action of the group N[[t]] by gauge transformations. 
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If we choose another coordinate s, such that t = </?(s), then the operator (|10.2| ) wih 
become 

e 

i=l 

In order to bring it back to the form ( p,0.2D we need to apply the gauge transformation 
by /3^((/9'(s)), where p"^ : —>■ H is the one-parameter subgroup of H equal to the sum 
of the fundamental coweights of G. Choose a splitting i : H ^ B oi the homomorphism 
B ^ H. Then, considering as an element of the Lie algebra = Lie//, we have 
Cj] = Cj and [p^, /j] = — /j. Therefore we find that 

(10.3) =^^ + J2f^ + ^'(s)/(^'(.)) . v(^(.)) . p^(^'(.))-\ 

i=l 

Thus we obtain a well-defined action of the group Aut on the space Opg-(B) of opers 
on the standard disc, 

B = SpecC[[t]]. 

We may therefore define Opq{D) as the twist of Op(5(B) by the Aut 0-torsor Aut (see 



Section |44| ). 

In particular, the above formulas imply the following result. Consider the -ff-bundle 
QP on D, defined in the same way as in Section |5.5| (where we considered the ^iJ- 
bundle n-P). 

Lemma 10.1. The H -bundle 3'h = "^b x H = 3'b/N is isomorphic to QP^ . 

B 



Proof. It follows from formula ( |10.3| ) for the action of the changes of variables on opers 
that if we pass from a coordinate t on L> to the coordinate s such that t = (p{s), then 
we obtain a new trivialization of the //-bundle 9^h, which is related to the old one by 
the transformation p'^(ip'{s)). This precisely means that 3"// ~ . □ 

10.2. Canonical representatives. In this section we find canonical representatives 
in the A^[[t]] -gauge classes of connections of the form ( [10.21 ). 



Lemma 10.2 (@). The action of N[[t]] on OpciD) is free. 

Proof. The operator ad/3^ defines the principal gradation on b, with respect to which 
we have a direct sum decomposition b = (Bi>Qbi. Let 

e 

P-i = ^fi- 

1=1 

The operator adp_i acts from bj+i to bj injectively for all i > 0. Hence we can find 
for each i > a subspace Vi C bj, such that bi = [p-i, bj+i] © Vi. It is well-known 
that Vi 7^ if and only if i is an exponent of g, and in that case dimT/j is equal to the 
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multiplicity of the exponent i. In particular, Vq = 0. Let V = (BieEVi C n, where E is 
the set of exponents of q counted with multiplicity. 

We claim that each element of dt+p-i + v^t) G Opq{D) can be uniquely represented 
in the form 

(10.4) dt + p-i + v(t) = exp (ad U) ■ {dt + p^i + c{t)) , 

where U € n[[t]] and c{t) € To see that, we decompose with respect to the 

principal gradation: U = Ej>o^i' v(^) = Ej>o^i(*)' c(i) = EjgE S(^)- Equating 
the homogeneous components of degree j in both sides of ( |10.4| ), we obtain that Cj + 
is expressed in terms of Vj,Cj,j < i, and Uj,j < i. The injectivity of adp_i 
then allows us to determine uniquely Cj and f/j+i. Hence U and c satisfying equation 
( [10. 4 ) may be found uniquely by induction, and the lemma follows. □ 



There is a special choice of the transversal subspace V = 0jg E^i defined in the proof 



of Lemma 10.2 . Namely, let pi be the unique element of n, such that {p_i,2p^,pi} 
is an s[2-triple. Let V^an = ©ie£;V^an,i be the space of adpi-invariants in n. Then pi 
spans lean,!- Let pj be a linear generator of K:an,dj (if the multiplicity of dj is greater 

than one, which happens only in the case g = D^^,dj = 2n, then we choose linearly 
independent vectors in V ^an,d, ). 

According to Lemma 10. 2| , each G-oper may be represented by a unique operator 



V = dt + p-i + v{t) , where v(t) G V^canll^]], so that we can write 

e 

v(i) =^Vj{t) - Pj. 
i=i 

Suppose now that t = (p{s), where s is another coordinate on D such that t = ip{s). 
With respect to the new coordinate s, V becomes equal to ds + v(s), where v(s) is 
expressed via v(t) and ip{s) as in formula ( |10.3| ). By Lemma 10.2, there exists a unique 



operator dg + p^i + v(s) with v(s) G FcanlM] and g G such that 

(10.5) ds+p-i + v{s) = g-ids+vis)). 

It is straightforward to find that 



9 = exp ( -— -Pij p {<f), 
vi{s) = Vl{ip{s)) {if'Y - ^{ip, s}, 



2 

Vj{s) = Vj{ip{s)){ipY''^^ , j > 1, 

where 

If 6 ( if 



ip' 2 \ 

is the Schwarzian derivative. 

These formulas mean that under changes of variables, vi transforms as a projective 
connection, and Vj,j > 1, transforms as a {dj + 1) -differential on D. Thus, we obtain 
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an isomorphism 

i 

(10.6) Opg(L>)~ J'rojx0u;®('^^+^\ 

i=2 

where u®'^ is the space of n-differentials on D and Jroj is the a;®^-torsor of projective 
connections on D. 

The above formulas also show that the G-bundle 3^ is defined by the transition 
function U{s). In particular, the G-bundles 1 underlying all opers are isomorphic to 
each other. 

10.3. Miura opers. A Miura G-oper on X , which is a smooth curve, or D, or , is 
by definition a quadruple (?■, V, J'b, S'^), where {3^,V,!Jb) is a G-oper on X and 5"^ 
is another S-reduction of 9^ which is preserved by V. 

Consider the space of Miura G-opers on the disc D. A B-reduction of 3^ which is 
preserved by the connection V is uniquely determined by a B-reduction of the fiber 

S'o of 3' at the origin £ D (recall that the underlying G-bundlcs of all G-opers are 
isomorphic to each other). The set of such reductions is the ?'o~twist (G/B)^^ of the 
flag manifold G/B. Therefore the natural forgetful morphism from the space of all 
Miura opers on D to Opq{D) is a G/i?-bundle. 

A Miura G-oper is called generic if the i?-reductions 3'b and 3"^ are in generic 
relative position. We denote the space of generic Miura opers on D by MOpq(D). We 
have a natural forgetful morphism MOpq{D) — > Otpq{D). The group Ngr^^^ where 
3^B,o is the fiber of 9'b at 0, acts on (G/i?)g^„, and the subset of generic reductions 
is the open A^gr^^-orbit of {G/B)^^. This orbit is in fact an Aj-^ ^-torsor. Therefore 
we obtain that the morphism MOi>q{D) OpQ^D) is a principal Aj-^ ^-bundle. We 
denote it by and call it the Miura transformation. 

Now we identify MOpc(D) with the space of ii"-connections. Consider the H- 
bundles Jj/ = J^/A and = S'^/N. 

Lemma 10.3. The H -bundles Hh and 9"^ are isomorphic. 

Proof. Consider the vector bundles ggr = S^xg, bj-^ = J's x b and bgr/ = 3"^ x b. We have 

G B G 

the inclusions bj-^, bgr^ C 0g^ which are in generic position. Therefore the intersection 

hyg n hyi^ is isomorphic to b5-^/[b5'g, by^], which is the trivial vector bundle with 
the fiber \). It naturally acts on the bundle and under this action ggr decomposes 
into a direct sum of f) and the line subbundles QFai^i G A. Furthermore, bj^g = 
aeA+ Sf',"' - 0aeA_0.F,a- ^incc the action of B on n/[n,n] factors through 
H = B/N, we find that 

e i i e 

H . . H . . 

1=1 1=1 1=1 1=1 

Clearly, the line bundle ggr^^ is dual to Therefore we obtain that 

g^jj xCa, ~3^ij xCa,, Z=l,...,l 
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Since G is of adjoint type by our assumption, the above associated line bundles com- 
pletely determine 3^h and J^. Therefore J/f ~ 9"^. □ 



Combining Lemma 10.2 with Lemma 10.1, we find that ~ fi'' . Since the B 



bundle 3"^ is preserved by the oper connection V, we obtain a connection V on 3^'^ ~ 
il^^. Therefore we obtain a morphism (3 from the space MOpfj(-D) of generic Miura 
opers on D to the space of connections Conn(r2^ )d on the -bundle on D. 

Proposition 10.4. The map 13 : MOpg(£>) ^ Conn{nP )d is an isomorphism. 

Proof. We define a map r in the opposite direction. Suppose we are given a connection 
V on the ff-bundle on D. We associate to it a generic Miura oper as follows. Let 
us choose a splitting H ^ B oi the homomorphism B ^ H and set 9" = fi^ x G, 3"^ = 

H 

QP xB, where we consider the adjoint action of H onG and on B obtained through the 

H 

above splitting. The choice of the splitting also gives us the opposite Borel subgroup 
B_, which is the unique Borel subgroup in generic position with B containing H. Then 
we set Tf, = X B_. 

Observe that the space of connections on 3~ is isomorphic to the direct product 



Conn{nP^)D X 



Its subspace corresponding to negative simple roots is isomorphic to (^0^=1 ^ 0- 

Having chosen a basis element fi of Q-ai for each i = 1, . . . ,i, we now construct an 
element p-i = Yli=i fi °f this space. Now we set V = V-|-p_i. By construction, V has 
the correct relative position with the i?~reduction 3'b and preserves the i?-reduction 
3''^. Therefore the quadruple (9", V, 9"^) is a generic Miura oper on D. We set 

This map is independent of the choice of splitting H ^ B and of the generators 
fi,i = !,...,£. Indeed, changing the splitting H —> B amounts to a conjugation of 
the old splitting by an element of N . This is equivalent to applying to V the gauge 
transformation by this element. Therefore it will not change the underlying Miura 
oper structure. Likewise, rescaling of the generators fi may be achieved by a gauge 
transformation by a constant element of H, and this again does not change the Miura 
oper structure. It is clear from the construction that (5 and r are mutually inverse 
isomorphisms. □ 



11. Identification with the W-algebra and the center 

The Miura transformation /i : MOp(^(D) Opq{D) gives rise to a homomorphism 
of the corresponding rings of functions Jl : FunOp(j(-D) — > Fun MOp(^(L'). We will 
now identify FunMOp(^(-D) with '7ro(g)i/o and the image of Jl with the intersection of 
kernels of the screening operators. This will give us an identification of FunOpc(L') 
with Wj,o(g). 
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11.1. Screening operators. Since /x is an Nj^ ^-bundle, we obtain that the image of 
the homomorphism Ji is equal to the space of Nj^ ^-invariants of FunMOp(^(L'), and 
hence to the space of nj-^ ^ -invariants of FunMOp(^(£)). We fix a Cartan subalgebra 
f) in b, a coordinate t on the disc D and a trivialization of S^b- Then we identify 
FunOp(j(I?) and FunMOpQ(L') with rings of polynomials in infinitely many variables. 
Each space has an action of Der and is a Der 0-equivariant homomorphism between 
these rings. We will describe the image of Ji as the intersection of the kernels of certain 
linear operators which will turn out to be nothing but the screening operators used in 
the definition of the classical W-algebra. 

Using t and our trivialization of 3"b, we write each oper in the form 

i 

+p„i + -Ci, Vi{t)eC[[t\] 

1=1 



(see Section 10.2 ), where 

n<—di 

Thus, 

FunOpG'(I)) = C[Ui,nJi=i„„,£;n,<_d,. 

The action of Der on this ring is determined from formulas ( |10.5 ). 
Likewise, we write each generic Miura oper as 

(11.1) dt+p-i + vi{t), n{t)e\)[[t]]. 
Set Ui{t) = ai(u(t)), i = 1, . . . , £, and 

n<0 

Then 

FunMOpG(£>) = C[Ui^n]i=l,...,t,n<0- 

The action of Der on this ring is determined as follows. If s is a new coordinate on 
D such that t = (p{s), then the same Miura oper will appear as ds +P-i + u(s), where 

(11.2) 5(.) = (^'.u(^(s))-/4- 

f 

This translates into the following formulas for the action of the generators Ln = —t^'^^dt 
on the Ui^rn^s: 

L-n ' '^i,m. — ~f^'^i,n+mi ~1 n K —171, 

(11.3) Ln ■ Ui_n = -n, n > 0, 

Ln ■ Ui.m = 0, n> -m. 



Example. We compute the Miura transformation fi in the case when q = 3(2. In this 
case an oper has the form 

'0 v{ty 

1 



dt 
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and a generic Miura oper has the form 

0, ^ iHt) 



1 

To compute /i, we need to find a element of A^[[t]] such that the corresponding gauge 
transformation brings the Miura oper into the oper form. We find that 

1 _^oj)(j 



Therefore we obtain 



which may also be written in the form 

It is this transformation that was originally introduced by R. Miura as the map inter- 
twining the flows of the KdV hierarchy and the mKdV hierarchy. 

In the case of sl2 opers are projective connections and Miura opers are affine connec- 
tions. The Miura transformation is nothing but the natural map from affine connections 
to projective connections. □ 

Having chosen a trivialization of 3'b, we identify the twist nj-g ^ with n. Now we 
choose the generators ei,i = 1, . . . ,i, of n with respect to the action of f) on n in such a 
way that for each i the generator Cj and the previously chosen fi satisfy the standard 
relations of 5l2- The A^j-^ ^ -action on MOpq{D) then gives rise to an infinitesimal 
action of Cj on MOpc(Z)). We will now compute the corresponding derivation on 
FunMOpc-P). 

The action of Cj is given by the infinitesimal gauge transformation 
(11.4) 6u{t) = [xi{t)-ei,dt+p-i+u{t)], 



where Xi{t) € C[[t]] is such that Xi{0) = 1, and the right hand side of formula ( 11.4 ) 
belongs to f)[[i]]. It turns out that these conditions determine Xi{t) uniquely. Indeed, 
the right hand side of ( 11. 4| ) reads: 

Xi{t) ■ a{ - Ui{t)xi{t) ■ Ci - dtXi{t) ■ a. 

Therefore it belongs to i)[[t]] if and only if 

(11.5) dtXi{t) = -Ui{t)xi{t). 

If we write 

n<0 

and substitute it into formula ( |11.5| ), we obtain that the coefficients Xi^n satisfy the 
following recurrence relation: 

n'Xi,n — ^ ^ '^i,k'^i,m: Tl < 0. 

k+m=n\k<0\m<0 



74 



EDWARD FRENKEL 



We find from this formula that 

(11.6) E-^"*"" = -pf-E^^™ 

n<0 \ m>0 / 

Now we obtain that 

5uj{t) = aj{6u{t)) = aijXi{t), 

where (aij) is the Cartan matrix of g. In other words, the operator acts on the 
algebra FunMOpc(-D) = C[Mi,„] by the derivation 

^ d 

(11.7) E«^^E^^-«9^i— IT' 

j=l n>0 t, n 1 

where Xi^n are given by formula (|11.6D . Thus, we obtain the following characterization 
of FunOpG(-D) inside FunMOpG'(£'). 

Proposition 11.1. The image ofFunOpQ^D) in FunMOp(;(D) under the Miura map 
Jl is equal to the intersection of kernels of the operators given by formula ( 11.71 ) for 
i = h...J. 



11.2. Back to the W— algebra. Comparing formula ( 11.7 ) with formula ( |9.8|) we find 
that if we replace „ by Uj^„ in formula (|9.8|) for the screening operator Vj[l], then we 
obtain formula (11.7). Therefore the intersection of the kernels of the operators ( |11.7 ) 



is equal to the intersection of the kernels of the operators Vj[l],i = !,...,£. But the 
latter is the classical W-algebra W^^{q). Hence we obtain a commutative diagram 

vro(5).o FunMOpG(B) 

(11.8) 

W.3(0) FunOpc(D) 

where the top arrow is an isomorphism of algebras given on generators by the assign- 
ment b- ,^ 1-^ Ui^n- 

In particular, we obtain from the above isomorphisms vertex Poisson algebra struc- 
tures on Fun Opc(lD)) and Fun Opg(B) (the latter structure may alternatively be defined 
by means of the Drinfeld-Sokolov reduction, as we show below). As before, these struc- 
tures depend on the choice of inner product i/q, which from now on we will use as a 
subscript. 

The above diagram gives us a geometric interpretation of the screening operators 
Vj[l]: they correspond to the action of the generators Cj of n on Fun MOp(j(]D)). 

As a byproduct, we obtain a character formula for Wi^y(g), as we promised in Sec- 
tion |9.4| . Indeed, the action of N on MOpq{I}) is free, so that 

i?^(n,FunMOpG'(ID))) = 0, i > 0. 

Therefore the character of FunOpg(]D') is equal to the character of the Chavalley com- 
plex computing the cohomology of n with coefficients in FunMOpg(B). The latter is 
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equal to the character of Fun MOpc(][D), i.e., nn>o(-'- ~ ' times the character of 
/\*n*. But since degej = —1, we obtain that that dege^ = — a(/9^), and so 

ch/\V= J] (i-g-(P^)) = nfj(i-g"0. 

aeA-i- i=l ni=l 

Thus, we obtain that the character of Fun Op(;j(D) ~ Wj^p (g) is given by the right hand 
side of formula ( |9.6[) . 

Comparing formulas (11.3) and ( 9.1C| ), we find that the top isomorphism in (|11. 



is Der 0-equivariant. Since the screening operators commute with the Der 0-action, 
we find that the bottom isomorphism is also Der 0-equivariant. Thus we obtain the 
following 

Theorem 11.2. The classical W-algebra Wuq{q) is T>er -equivariantly isomorphic to 
the algebra FunOpQ(B) of functions on the space of opers on B = Spec( 



Combining Theorem |ll.2| with Theorem and Proposition |9.9| we come to the 
following result, where by we understand the group of inner automorphisms of ^g. 



Theorem 11.3. There is an isomorphism ^(g),^^ ~ Fun Opi,q(B)^v which preserves the 
vertex Poisson structures and the Dei -module structures on both sides. Moreover, it 
fits into a commutative diagram of vertex Poisson algebras equipped with T>er -action: 



(11.9) 



Mo 



FunMOpiG(lD')KV 



FunOp^G(B),v 



where the upper arrow is given on the generators by the assignment bi n ^ —U-i,n- 

This theorem is consistent with the previously given descriptions of the transforma- 
tion properties of the 6j(t)'s and the nj(t)'s. Indeed, according to the computations 
of Section |5.5| , the 6i(t)'s transform as components of a connection on the ^ff-bundle 
on the standard disc B = SpecC[[t]]. On the other hand, by formula ( 10.3 ), the 
iij(t)'s transform as components of a connection on the dual ^//-bundle O'' on B. The 
map bi{t) 1-^ —Ui[t) sends the former to the latter. 

Given any disc D, we may consider the twists of our algebras by the Aut 0-torsor 



Ant, defined as in Section ^A. We will mark them by the subscript D. Then we obtain 
that 



W,„(0)B=.FunOpG(I?) 
i(S)Ko,D ^ FunOpLG(-D)«;V. 

11.3. The associated graded spaces. In this section we describe the isomorphism 



3(g) ~ FunOpLG'(B) of Theorem 11.3 at the level of associated graded spaces. Note 
that both algebras 3(g) and PunOpLc'(B) have natural filtrations. 
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The filtration on 3(0) is induced by the Poincare-Birkhoff-Witt fihration on the 
universal enveloping algebra U(qk,J, see Section 9^. By Theorem 9^, gr3(g) = 
(grK.(0))0[[*". But 

grV^M = Sym0((t))/0[[t]] Fun0*[[t]]dt, 



independently of the choice of coordinate t and inner product on 0. In Proposition 9^ 
we gave a description of (gr VK^(0))^f[*l] . The coordinate-independent version of this 
description is as follows. Let = Spec (Fun0)^ and 

where = C[[f]]dt is the topological module of differentials on D = SpecC[[f]]. Note 
that a choice of homogeneous generators = !,...,£, of (Fun0)'^ gives us an iden- 
tification 

i=l 



By Proposition |9.3| we have a canonical isomorphism 
(11-10) gr3(0):^FunCg^f,. 
Next we consider the map 

" : 3(0) Mq) 

which is equal to the restriction of the embedding ^^^(0) — > ^o,kc lo 3(0). In the 
proof of Proposition |5.2| we described a filtration on Wo,kc compatible with the PBW 
filtration on Vk^{q). This implies that the map 3(0) —i- vro(0) is also compatible with 
filtrations. According to Section ^.5| , 

7ro(0) = FunConn(0~^)]n). 

The space Conn(0~'')][i) of connections on the ^ff-bundle i}^^ is an affine space over 
the vector space ^f) = t)* Therefore we find that 

(11.11) gr7ro(0) = Funf)*®0. 

We have the Harish-Chandra isomorphism (Pun0*)*^ ~ (Funf)*)^, where W is the 
Weyl group of 0, and hence an embedding (Fun0*)'-' Funf)*. This embedding gives 
rise to an embedding 

FunC^f^ ^Funf)*®Jl. 

It follows from the proof of Proposition |5.2| that this is precisely the map 

gra : gijig) gr7ro(0) 

under the identifications ( ll.lOD and ( |11.11| ). 

Let us now look at the associated graded of the map 

(11.12) FunOpLG(ID') ^ FunMOpLG( 
Let Cg = (Fun0)'^ and 

CnU = X Cn. 
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Using the canonical form of the opers described in Section 10.2 , we obtain an identifi- 
cation 



(11.13) 



gr Fun OpL 



G 



~ FunCi,, 



(see [ pPl ], §§ 3.1.12-3.1.14, for more details). On the other hand. Proposition |10.4| im- 
plies that the space MOplq(JQ)) is isomorphic to the space of connections Conn(0'' )o, 
which is an affine space over the vector space ^f) (8) ri. Therefore 



(11.14) 



grFunMOpL(;(I 



Fun^f) 



n. 



We have the Harish-Chandra isomorphism (Fung)*^ ~ (Funf))^, where W is the 
Weyl group of g, and hence an embedding (Fung)*^ Funf). This embedding gives 
rise to an embedding 

FunCg f^ Funf) (g) 0. 

The explicit construction of the morphism Conn(r2^^)p — > M.Oplq(IS>) given in the 
proof of Proposition 10.4 implies that the associated graded of the map ( 11.12 ), with 
respect to the identifications (11.13) and (11.14) is nothing but the homomorphism 



FunCi,. 



Fun^f) (g) n. 



Now recall that our isomorphism 3(g) ~ Fun OpL(^(][D) fits into the commutative 
diagram (|TLg| ). Ah maps in this diagram preserve the filtrations and we have described 
above the maps of the associated graded induced by the vertical arrows in ( |11.9 ). 
Moreover, we have 



and 



gr7ro(g) ~ Funi)* 



n = Fun^f) (g) ~ grMOpLG 

gr Fun OpL 0(115), 



gr3(g) ~ FunCg f^ = FunCig j^ 
where we used the canonical isomorphisms 

(Fung*)^ = (Funf)*)^ = (Fun^f))^ = (Fun^g)^^. 
According to Theorem |11.3| , under these identifications the map 

giTToiQ) ^ grMOpLcW 

induced by the upper vertical arrow in the diagram (|ll.g| ) is equal to the the operator 
(^_]^)deg takes the value (—1)" on elements of degree n. Therefore we obtain that 

the same is true for the associated graded of our isomorphism 

(11.15) 3(g) -Fun OpLG(in)). 

Thus we obtain the following 

Theorem 11.4. The isomorphism (11.15) preserves filtrations. The corresponding as- 
sociated graded spaces are both isomorphic to FunC^ q. The corresponding isomorphism 
of the associated graded spaces is equal to ( — 1)*^'^^. 
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12. The center of the completed universal enveloping algebra of g^c 

Let Uf^{g) be the quotient of the universal enveloping algebra U(Qk) of by the 
ideal generated by {K — 1). Define its completion [/^(g) as follows: 

C/«(0) = lim U^(q)/U^{q) • (0 t^C[[t]]). 

It is clear that Uk(q) is a topological algebra which acts on all smooth representations 
of (i.e., such that any vector is annihilated by g i'^C[[i]] for sufficiently large A''), 
on which K acts as the identity. In this section we describe the center Z(q) of Uk^(q) 
and show that it is isomorphic to the topological algebra of functions on the space 
OpL(^(D^) of ■^G-opers on the punctured standard disc B. 



12.1. Enveloping algebra of a vertex algebra. Recall from |FB], § 3.5, that to any 
vertex algebra V we may attach a topological Lie algebra 

U{V) = {V(g) C((t)))/ Im(r (S)l + l0dt). 

It is topologically spanned by elements A^^] = A t'^ , A £ V, n £ Z, with the commu- 
tation relations 

(12.1) = f ^ j (^(n) • 5)[m+fc-n]- 

n>0 ^ ^ 

Now let V = V^(0). Then each A G V^(0) is a linear combination of monomials in 
J^, n < 0, applied to the vacuum vector. We construct a linear map U {Vk{q)) — > U^Cq) 
sending {Jnl ■ ■ ■ JnZ^K)ik] to 

Res,=oY{J^,l...J^2^^,z)z''dz 

where as before J"'{z) = Ylnez Jn^~^^^ ■ The commutation relations between Fourier 
coefficients of vertex operators (see pB| , § 3.3.6) imply that this map is a homomor- 
phism of Lie algebras. This homomorphism is clearly injective. Moreover, the universal 
enveloping algebra of [7(14 (0)) also injects into U^i^) and its completion is equal to 
Uk(q)- This motivates the following general construction of the enveloping algebra of 
a vertex algebra. 

Let y be a vertex algebra and U(y) the corresponding Lie algebra defined as above. 
Denote by U{U(y)) the universal enveloping algebra of the Lie algebra U(y). Define 
its completion 

U{U{V)) = Inn U{U{V))/In. 

where In is the left ideal generated by j4[„], A £V,n>N. Then UiV) is by definition 

the quotient of U{U{V)) by the two-sided ideal generated by the Fourier coefficients of 
the series 

y[^(_i)i?,z] - ■.Y[A,z]Y[B,w]-. A,BeV, 
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where Y[A, z] = -^[n]^ " ^iid the normal ordering is defined in the same way 

as for the vertex operators Y[A, z). In the case when V = Vk(£|), we have C/(Vk(0)) = 

Clearly, the assignment V i— > UiV) gives rise to a functor from the category of vertex 
algebras to the category of topological associative algebras. 

Remark 12.1. A. Beilinson and V. Drinfeld give a more conceptual construction of the 



topological algebra U{V) in [BD1|, § 3.7.1-3.7.3. Namely, they define U{V) as the space 
of horizontal sections of the left D~module Vpx on the punctured disc ID^ defined by 



a generalization of the construction given in Section 4.4. □ 



12.2. From 3(0) to the center. Let B € 3(5) C K,(0)- Then Q[[t]] • S = and 
formula ( 12.1| ) for the commutation relations implies that all Fourier coefficients 



of the vertex operator Y{B,z) commute with the entire affine algebra g^c- Thus we 
obtain an injective map U{^{q)) —i- Z{q). Moreover, applying the enveloping algebra 
functor U to 3(0) we obtain an injective homomorphism U{j(Q)) Z{q). 

The algebra U{],(q)) is a completion of a polynomial algebra. Indeed, recall from 



Section 9.4 that 



3(0) = C[sl%=i_e.r,>o, 

(n) 

where 5^- = T'^Si. Let 5jj„],n € Z, be the Fourier coefficients of the vertex operator 
considered as elements of U^^^i^). Then {7(3(0)) is the completion of the 
polynomial algebra C[Si^^n]\i=i,...,t,n&z with respect to the topology in which the basis of 
open neighborhoods of is formed by the ideals generated by S'j [„] , i = 1, . . . , n > A^, 

for N ^TL. Thus, the completed polynomial algebra {^(3(0)) embeds into the center 
Z(0) ofC/«,(0). 

Proposition 12.2. Z(0) is equal to {7(3(0)). 

The proof is given in [|BD1|, Theorem 3.7.7. It is based on the description of the 



associated graded of with respect to the PBW filtration, which is obtained by 
an argument similar to the one used in the proof of Proposition We obtain then 
that the associated graded of is equal to the completed polynomial algebra in 
Pi^n^ i = 1, ■ ■ ■ ,i',n G Z, which are the Fourier coefficients of the series Pi{J"'{z)) (see 



Section |9.2| for the definition of the Pj's). But by construction Pi^n is the symbol 
of S'j [_„_!]. Therefore Z(q) cannot contain anything but elements of the completed 
polynomial algebra in the S'j [„]'s, hence the result. 

12.3. Identification of the center with Fun OpL(^(D^). Recall the Aut 0-equiva- 
riant isomorphism of vertex Poisson algebras 

(12.2) 3(0)^0 -Fun Oplg(1D))kV 

established in Theorem 11. 3| . For a vertex Poisson algebra P, the space U{P) (also 



denoted by Lie(P)) has a natural Lie algebra structure (see | ]FE| ], § 15.1.7), and there- 
fore the commutative algebra U{P) carries a Poisson algebra structure. In particular, 
{7(3(0)^0) is a Poisson algebra. Under the identification {7 (3 (0)^0) ~ Z(g) the corre- 
sponding Poisson structure on ^(0)^0 be described as follows. Consider Uk(q) 
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as the one-parameter family of associative algebras depending on the parameter 
e = {k — Kc)/ kq. Then Z(q) is the center of Aq. Given x,y € Z(q), let x,y be their 
liftings to A^. Then the Poisson bracket {x,y} is defined as the e-linear term in the 
commutator [x, y\ considered as a function of e (it is independent of the choice of the 
liftings). The fact that this is indeed a Poisson structure was observed by V. Drinfeld 
following the work of T. Hayashi. We denote the center Z(q) equipped with this 
Poisson structure by ^(0)^0. 

Likewise, the vertex Poisson algebra FunOpLc(B)^v gives rise to a topological Pois- 
son algebra C/(Fun OpL(^(B)^v). Then the isomorphism ( 12.2| ) gives rise to an isomor- 
phism of Poisson algebras 

Moreover, this isomorphism is Aut 0-equi variant. 

Lemma 12.3. The algebra f7(Fun OpL(;;(D)^v) is canonically isomorphic to the topo- 
logical algebra FunOpLQ(B^) of functions on the space of^G-opers on the punctured 
disc = SpecC((t)). 

Proof. As explained in Section the algebra FunOpLgr(D) is isomorphic to the 

polynomial algebra C[vi^ni]i=i,...,e;ni<-dii where Vi^n are the coefficients of the oper con- 
nection 

e 

(12.3) V = ^t+P-l + ^V^{t)Ci, 

i=l 

where Vi{t) = S„<_di '^«,n^~"~'^*~^- Then the above construction of the functor U 
implies that the algebra [/(OpL(j(D)^v) is the completion of the polynomial algebra in 
the variables i = 1, . . . ,i;n € Z, with respect to the topology in which the base 
of open neighborhoods of is formed by the ideals generated by Vi^n, n < N. But this 
is precisely the algebra of functions on the space of opers of the form ( |12.3| ), where 

Vi{t) = EnezV^,nt-^-'''-' ^C{{t)). □ 

Since Fun OpLg<(B)^v is a vertex Poisson algebra, we obtain that FunOpL(j(B^) is 
a Poisson algebra. We will use the subscript Kq to indicate the dependence of this 
Poisson structure on the inner product Kq on ^g. We will give another definition of 
this Poisson structure in the next section. Thus we obtain the following result which 
was originally conjectured by V. Drinfeld. 

Theorem 12.4. The center Zi^)^^ is isomorphic, as a Poisson algebra, to the Poisson 
a/^e^ra Fun Opl(j(B^)kV ■ Moreover, this isomorphism is AutO-equivariant. 

12.4. The Poisson structure on FunOp(5(B^)i,Q. The Poisson algebra of functions 
on the space Op(;j(B^) of opers on the punctured disc may be obtained by hamil- 



tonian reduction called the Drinfeld-Sokolov reduction [DS|. 

We start with the Poisson manifold Conug of connections on the trivial G-bundle 
on B^, i.e., operators of the form V = dt + A(t), where A{t) € Q{{t)). The Poisson 
structure on this manifold comes from its identification with a hyperplane in the dual 
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space to the affine Kac-Moody algebra Qi^^ . Indeed, the topological dual space to gjyp 
may be identified with the space of all A-connections on the trivial bundle on D^, see 
|FB[| , § 15.4. Namely, we split = g((t))©CK as a vector space. Then a A~connection 
dt + A{t) gives rise to a linear functional on q^^^ which takes value 

Xb + Res i^o{A{t),B{t))dt 

on {B{t) + bK) G 0((t)) © CK = g^^. Note that under this identification the action 
of Auto by changes of coordinates and the coadjoint (resp., gauge) action of G{{t)) 
on the space of A~connections (resp., the dual space to Q^g) agree. The space Conug 
is now identified with the hyperplane in g*^ which consists of those functionals which 
take value 1 on the central element K. 

The dual space q*^^ carries a canonical Poisson structure called the Kirillov-Kostant 
], § 15.4.1 for more details). Because X is a central element, 
this Poisson structure restricts to the hyperplane which we have identified with Conug. 
Therefore we obtain a Poisson structure on the ConUg. 

The group N{(t)) acts on ConUg by gauge transformations. This action corresponds 
to the coadjoint action of the N{(t)) on q*^ and is hamiltonian, the moment map being 
the surjection m : ConUg — > n((t))* dual to the embedding n((t)) Q^a- We pick a 
one-point coadjoint A^((t))-orbit in n((t))* represented by the linear functional -0 which 
is equal to the composition n((t)) n/[n, n]((t)) = 0j=i Sc(i((t)) and the functional 

e 

{xi{t))l^i y^Res Xi{t)dt. 

i=l 

One shows in the same way as in the proof of Lemma |10.2| that the action of N{{t)) on 
m~^(V') is free. Moreover, the quotient m~^(V')/A^((i)), which is the Poisson reduced 
manifold, is canonically identified with the space of G-opers on B^. Therefore we 
obtain a Poisson structure on the topological algebra of functions FunOpQ(D^). On 
the other hand we have defined a Poisson algebra structure on Fun Opg(B^)jyg using 
its identification with C/(Fun Opq(D)i,q), the isomorphism Fun Op(5(B)i,Q ~ ^^.^(g)^,^ 
obtained in Theorem |11.2| , and the vertex Poisson algebra structure on ^^^{q). 

Lemma 12.5. The two Poisson structures coincide. 

Proof. In [[FB[| , §§ 14.4 and 15.8, we defined a complex C^(g) and showed that its 0th 
cohomology is a vertex Poisson algebra canonically isomorphic to Wj^g (g) (and all other 
cohomologies vanish). It is clear from the construction that if we apply the functor U 
to the complex C^(g) we obtain the BRST complex of the Drinfeld-Sokolov reduction 
described above. Since the functor U is left exact, we obtain that the 0th cohomology 
of ?7(C^(g)), i.e., the Poisson algebra FunOpc.(B^)i,Q is isomorphic to the Poisson 
algebra f7(Wi,,)(g)) which is what we needed to prove. □ 

12.5. The Miura transformation as the Harish-Chandra homomorphism. The 

Harish-Chandra homomorphism is the homomorphism from the center Z{q) of U{q), 
where g is a simple Lie algebra to the algebra Fun \)* of polynomials on [)*. It identifies 
Z(g) with the algebra (Funl)*)^ of T^-invariant polynomials on f)* shifted by p (z f)*. 



structure (see, e.g., |FB 
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To construct this homomorphism, one needs to assign a central character to each A G f)*. 
This central character is just the character of the center on the Verma module Mx. 

In the affine case, we construct a similar homomorphism from the center Z(q) of 
UkcCq) to the topological algebra Fun Conn(r2~'')px of functions on the space of connec- 



tions on the ^if-bundle on ID^ . According Proposition 5^, points of Conn(r2^^)]i 
parameterize Wakimoto modules of critical level. Thus, for each x ^ Conn{0,^f)jjix we 
have the Wakimoto module Wy. of critical level. The following theorem describes the 
affine analogue of the Harish-Chandra homomorphism. 

Note that Fun Conn(r2~'')px is the completion of the polynomial algebra in bi^n,i = 
1, . . . ,i;n G Z, with respect to the topology in which the base of open neighborhoods 
of is formed by the ideals generated hy bin, n < N. In the same way as in the proof of 



Lemma 12. 3| we show that it is isomorphic to C7(FunConn(0 We also define the 



topological algebra Fun MOpLc.(D^) as C/(FunMOpLc'(D^)). It is the completion of 
the polynomial algebra in nj^„, i = 1, . . . , ^; n G Z, with respect to the topology in which 
the base of open neighborhoods of is formed by the ideals generated by Ui^n,n < 



The isomorphism of Proposition [10. 4| gives rise to an isomorphism of the topological 
algebras 

PunConn(J7-^)io,x ^ FunMOpLclB''), 
under which bi^n ^ —Ui,n- 

Theorem 12.6. The center Z(q) acts by a central character on each Wakimoto module 
W^. The corresponding homomorphism of algebras Z(q) — > Fun Conn(n~^)i[i)x fits into 
a commutative diagram 

FunConn(0-/')in,x — ^ FunMOpLclB^) 

(12.4) 

Z{q) FunOpLG(ro'') 
where the upper arrow is given on the generators by the assignment bi^n ^ —Ui^n- 

Proof. The action of and hence of C/kc(0)) on W-^ is obtained through the 

homomorphism of vertex algebra Vkc{q) ~^ ® t^o{q)- In particular, the action of 
Z(q) on Wy. is obtained through the homomorphism of commutative vertex algebras 
3(g) — > vro(g). But 7ro(g) = Fun Conn(r2^^)][i). Therefore the statement of the theorem 
follows from Theorem |11.3| by applying the functor of enveloping algebras V ^ U{V) 



introduced in Section 12.1. □ 



Thus, we see that the affine analogue of the Harish-Chandra homomorphism is noth- 
ing but the Miura transformation for the Langlands dual group. In particular, its image 
(which in the finite-dimensional case consists of all Vl^-invariant polynomials) is equal 
to the intersection of the kernels of the screening operators. 

12.6. Compatibility with the finite-dimensional Harish-Chandra homomor- 
phism. We have a natural Z-gradation on Z(q) by the operator Lq = —tdt G DerO. 
Let us denote by the upper script the degree part and by the upper script < 
be the span of all elements of negative degrees in any Z-graded object. Consider the 



WAKIMOTO MODULES, OPERS AND THE CENTER 



83 



Wakimoto modules W^, where x = dt + X/t,X G f)*. These Wakimoto modules are 
Z-graded, with the degree part being the subspace C[a* Q|0)]QgA+ C Mg C W^. 
The Lie algebra q acts on this space and it follows immediately from our construction of 
Wakimoto modules that as a a-module, is isomorphic to the contragredient Verma 
module M^. The algebra 

z' = z(0)7(z(?) . z{Q)<y 

naturally acts on and commutes with g. Therefore varying A G 1)* we obtain a 
homomorphism 

(12.5) Z'^(Funr)r, 

which factors through the Harish-Chandra homomorphism Z{q) — > (Fnn[)*)^ . 

Let Oplq(D^)<i be the subvariety of opers with regular singularity in Oplq(D^), 
whose points are i?((t))-gauge equivalence classes of operators of the form 

(12.6) ^t + -^{p^,+^r{t)), v(t) G 



(see pDlj , § 3.8.8). 



Likewise we introduce the subvariety MOpL(j(D^)<i of Miura opers with regular 
singularity in MOplq(B^), whose points are operators of the form 

(12.7) dt+p-i + ^u{t), u(i) G 

Thus, MOpL(j(I])^)<i is identified with the space Conn(ri'')<i of connections with reg- 
ular singularity on the ^ff-bundle on D. The Miura transformation then restricts 
to a morphism 

We have a Z-gradation on both FunOpLgr(D^) and Fun Conn(r2'') induced by the 
action of the operator Lq = —tdt G Der 0. This gradation descends to FunOpL(;(D^)<i 
and FunMOpL(^(]El)^)<i where it takes only non-negative values. 

Define residue maps 

Res : Oplg(ID''')<i ^ Spec (Fun^g)^^, 
Res : Conn{QP)<i) Spec-^f), 
sending an oper ( 12. 6| ) to p-i + v(0) (resp., a Miura oper (|12?7|) to u(0)). They give 



rise to homomorphisms 

(Fun^fl)^^ ^ (FunOpLG(ID)><)<i)0, 
Fun^f) ^ (FunConn(l^'')<i)°. 

Lemma 12.7. These homomorphisms are isomorphisms and they fit into the commu- 
tative diagram 

(Fun^f)) — ^ (FunConn(f^P)<i)° 



(Pun ^5)^^ (FunOpLG(B^)<i)° 
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where the left vertical arrow is the Harish- Chandra homomorphism shifted by p. 
Proof. Note that 

dt+p., + ^u{t)=pit) (^dt + ^ + jiu{t)-p)^ p{t)-\ 

This imphes that the above diagram is commutative. It is clear from the definition that 
the upper horizontal arrow is an isomorphism. To see that the lower horizontal arrow 
is an isomorphism we pass to the associated graded spaces where it becomes obvious 
(see Section |9.3| ) . □ 

Since the ideal of OpLc;(D^)<i in FunOpLG(I[])^) is equal to Fun Oplg(ID)'')<° we 



obtain that the isomorphism of Theorem |12.4| gives rise to an isomorphism of algebras 



(12.8) Z' ~ (FunOpLG(I 



^")<i)°. 



Then Lemma |12.7| i mplies that the map ( 12.51 ) is an isomorphism. Recall that = f)*. 
Now Theorem |12.6| implies the following 

Proposition 12.8. There is a commutative diagram of isomorphisms 

Z' (FunOpLG(ID)'')<i)° 



(Funf)*)^ (Funf]*)^ 
where the lower horizontal arrow is given hy f ^ f^, f^{\ + p) = /(—A — p). 



This is the statement of Theorem 3.8.17 of [BDl] 
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